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Numerical solution of surface plasmon polariton
mode propagating on spatially periodic
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Xue Feng,1,2 Weiwei Ke,1 Xuan Tang,1 Yidong Huang,1,3 Wei Zhang,1 and Jiangde Peng1

1State Key Laboratory of Integrated Optoelectronics, Department of Electronic Engineering, Tsinghua University,
Beijing 100084, China

2 x-feng@tsinghua.edu.cn
3 yidonghuang@tsinghua.edu.cn

Received March 3, 2009; revised May 15, 2009; accepted May 21, 2009;
posted May 26, 2009 (Doc. ID 108276); published June 19, 2009

To obtain the numerical solution of normal surface plasmon polariton (SPP) modes of free oscillations of the
electromagnetic field on a cylindrical periodic dielectric–metal interface, a combination method is proposed by
taking advantage of Green’s function method and Chandezon’s approach. With such methods, the dispersion
curves and electromagnetic field distributions of SPP modes are calculated based on an Au-Si3N4 interface
with both sinusoidal and symmetrical sawtooth shapes. The simulation results prove that the proposed method
can be applied for calculating the electromagnetic field distribution of the SPP mode at an arbitrary wave vec-
tor along the dispersion curve and on arbitrary interface shapes. Furthermore, good stability and sufficient
accuracy can be obtained with moderate frequency searching steps and a coefficients matrix order. © 2009
Optical Society of America

OCIS codes: 240.0240, 240.5420, 240.6680.
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. INTRODUCTION
surface plasmon polariton (SPP) is a transverse-

agnetic surface electromagnetic excitation that propa-
ates in a wavelike fashion along the metal and dielectric
nterfaces [1,2]. When the SPP wave propagates on a spa-
ially periodic metal–dielectric interface, just like the pho-
onic band gap (PBG) in spatially periodic dielectric struc-
ures called photonic crystals [3], an energy bandgap for
he SPP (SPPBG) can also occur, where propagation of the
PP mode over some range of energies is forbidden [4,5].
his kind of structure with a spatially periodic metal–
ielectric interface can be called a surface polaritonic
rystal or SPP crystal [2]. Different from an optical wave,
he SPP represents quasi-two-dimensional waves with
mplitudes decaying exponentially into both of the neigh-
or media while the field distribution is close to the inter-
ace [6]. These unique characteristics make the SPP very
romising in some new functional devices, such as reso-
ant absorbers and reflectors [7–9] and biosensor [10,11]
r SPP-assisted emission enhancement devices [12–14].
ue to the effect of an SPPBG, SPP crystals provide a
ew approach for guiding and manipulating SPP waves,
hich is very useful in new functional devices based on

he SPP.
Calculating and analyzing the SPP mode propagating

n a spatially periodic metal–dielectric interface, includ-
ng field and surface charge distributions, is essential to
eveal SPPBG-related physical phenomena and to design
he proper device structure, such as for the research of
PP-based surface-enhanced Raman scattering, second-
armonic generation, as well as quantum electrodynam-

cs effects, especially for spontaneous emission lifetime
0740-3224/09/120B11-10/$15.00 © 2
odification [15]. Here, not only should the dispersion re-
ation of SPP modes be clarified, but also their field dis-
ributions.

One- and two-dimensional SPP crystals have recently
een intensively studied [2]. Several theoretical ap-
roaches have been devoted to describe the SPPBG and to
alculate how the gap width and central position depend
pon the grating profile and the amplitude of the modu-

ation. These approaches can be divided into four catego-
ies, and a short review of them can be found in [16]. Un-
ortunately, none of them can be used to obtain the full
PP mode solution, including both the dispersion relation
nd the field distribution, for the SPP crystal. Among
hem, the Green’ function method (GFM) based on Ray-
eigh expansion [1,2] is the most popular method. It is
idely adopted to investigate the SPP-to-SPP interaction,
amely the scattering problem, in a surface periodic
tructure [17–19]. When the normal SPP modes of free os-
illations of the electromagnetic field on the SPP crystal
re concerned, however, it is a homogeneous problem
ather than a scattering problem, since there is no scat-
ering of a volume or surface electromagnetic wave from
he interface [2]. In such a homogeneous problem, even if
he dispersion relation of the SPP mode can be well cal-
ulated by GFM for both one- and two-dimensional peri-
dic surface profiles [1,2,20–22], field distribution is hard
o obtain. On the other hand, Chandezon’s approach
CDA) is superior to the Rayleigh expansion method for
onstructing the electromagnetic field distribution in two-
imensional expansion form [23], but it is hard to use to
alculate the dispersion relation. By using the framework
f CDA, Barnes et al. proposed a perturbation approach to
009 Optical Society of America
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nd analytic expressions for the spatial field and surface
harge distributions, and they used it to find the physical
rigin of SPPBG successfully [16]. However, this method
an be used only for calculating the field and surface
harge distributions at the Brillouin boundary and can
ardly be applied for dispersion relation calculation at an
rbitrary wave vector.
In this paper, by taking advantage of GFM and CDA, a

ombination method is proposed to obtain the numerical
olution of an SPP mode propagating on a cylindrical pe-
iodic dielectric–metal interface. With the proposed
ethod, the electromagnetic field distribution of the SPP
ode at an arbitrary wave vector along the dispersion

urve and on an arbitrary interface profile can be calcu-
ated. As examples, the dispersion curves and electromag-
etic field distributions of the SPP mode are presented
ased on an Au-Si3N4 interface with sinusoidal and sym-
etrical sawtooth shape functions. Furthermore, the cal-

ulating stability of the proposed method is also discussed
y comparing the field distribution obtained with differ-
nt frequency searching steps. According to the results,
he proposed method is stable and convenient since only
oderate frequency steps and coefficients matrix orders

re required to obtain sufficient accuracy. Although the
implest case of periodic dielectric–metal interface is con-
erned in this paper, we believe that the proposed method
an be also extended to more general cases such as two-
imensional or multicoated structures, as it has been
roved that the GFM can be applied on two-dimensional
eriodic surface profiles [2,21,22] and the CDA also can be
pplied on multicoated structures [23].
The paper is organized as follows. In Section 2, a com-

ination method is proposed by taking advantage of the
FM and CDA. Consequently, the detailed process is
emonstrated in two steps of calculating the dispersion
elation and the field distribution. In Section 3, the pro-
osed method is applied for calculating the SPP mode on
n Au-Si3N4 interface with sinusoidal and symmetrical
awtooth shape functions. The calculating stability is also
iscussed. Section 4 provides a summary.

. THEORETICAL MODEL AND APPROACH
s shown in Fig. 1, the interface shape is described as z
s�x� with a period of a. The interface consists of a dielec-

ig. 1. Schematic cylindrical periodic dielectric–metal interface
nd reference coordinate system.
ric with a dielectric constant εD in the region z�s�x� and
metal in the region z�s�x�. The metal is characterized

y a real, isotropic, and frequency dielectric function of
M���. Our objective is to find the field and surface charge
istributions of SPP modes that satisfy Maxwell’s equa-
ions and the boundary condition of the periodic
ielectric–metal interface shown in Fig. 1.
As is known, GFM is suitable to calculate the disper-

ion curve [1,2,20–22], while the cost of computation for
eld distribution would be very great. CDA is very diffi-
ult to apply to calculating the dispersion relation but is
uperior to the Rayleigh expansion for constructing the
lectromagnetic field distribution [23], so long as the
ave vector k and frequency � are both known from the
ispersion relation. Therefore, taking advantage of GFM
nd CDA in a combination method is proposed here to ob-
ain the numerical solution of an SPP mode propagating
n a cylindrical periodic dielectric–metal interface.

Since the SPP mode is a transverse magnetic (TM or
-polarized) wave, we are only interested in the TM solu-
ion of Maxwell’s equations. In our reference coordinate
ystem shown in Fig. 1, the magnetic field of the SPP
ode contains the field components perpendicular to the

ymmetry plane, i.e., the y component. Since the interface
s symmetrical along the y axis, the magnetic field will
lso be symmetrical along y axis and can be written as

H� �x,y,z��� = y� · Hy�x,z���exp�− i�t� . �1�

o find the SPP mode solution in the x direction across the
nterface of z=s�x� and also which amplitudes decay expo-
entially along the z direction, the process is divided into
wo steps for calculating the dispersion relation and the
eld distribution.

. Calculating the Dispersion Relation
ccording to GFM, the SPP mode solution can be deduced

rom the Helmholtz equations by using Eq. (1) and Max-
ell’s equations, then expanded as Fourier sums that pos-

ess the Bloch periodicity property as [1,2,20]

Hy�x,z��� = �
n=−�

+�

An exp�i�nz�exp�i�kx + nKg�x� , �2�

here kx and An are the SPP mode wave vector in the x
irection and the field expansion coefficients, respectively.
g=2� /a is the Bragg wave vector of the interface. A se-

ies of wave vectors for SPP mode �n are given by

�n = ��kx + n
2�

a 	2

− ε
�2

c2 
1/2

. �3�

n Eqs. (2) and (3),

ε = � εD,z � s�x�

εM���,z � s�x�� and Hy = �Hy
D,z � s�x�

Hy
M,z � s�x��

epresent the dielectric permittivity and the magnetic
eld in the appropriate medium (metal and dielectric), re-
pectively.

The boundary conditions are satisfied by assuming that
he expressions for the fields in the two half spaces are
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alid all the way to the interface, which is the Rayleigh
ypothesis. The expansion of Eq. (2) is also called the
ayleigh expansion.
By adopting Green’s second integral theorem, the prob-

em can be simplified by working only with the field in the
ielectric, and a set of integral equations satisfied by the
oefficients An� can be obtained:

�
n

kmkn + �m
M · �n

D

i��m
M − �n

D�
·

1

a�0

a

dx

· exp�− i
2�

a
�m − n�x
expi��m

M − �n
D� · s�x�� · An = 0

m = 0, ± 1, ± 2, . . . �4�

here �m
M and �n

D represent the SPP mode wave vector in
ielectric and metal, respectively.
To apply the numerical calculation, Eq. (4) need to be

runcated to a finite term, i.e., given from m ,n
0, ±1, ±2, . . . , ±N. Then Eq. (4) can be presented as a
atrix �Mm,n� multiplying a column vector �An�:

�Mm,n��,kx,εD,εM,s�x��� · �An� = 0 . �5�

rom Eq. (5), it can be easily seen that the elements of the
oefficient matrix �Mm,n� are related to the frequency �
nd wave vector kx of the SPP mode. Then the dispersion
elation between � and k can be calculated by equating
he determinant of the coefficients matrix �Mm,n� to zero
1,2,20].

In principle, after the dispersion relation is obtained
he expansion coefficient An can be solved by substituting
he value of � and k into Eq. (5); therefore, the field dis-
ribution can be obtained. However, it is very difficult to
btain the exact value of � and k to satisfy det�M�=0 in a
ractical numerical calculation process. Matrix �M� is an
ll-conditioned matrix and the absolute value of each ele-

ent in �Mm,n� is quite different.
Using the example of numerical calculation shown in

20], the above statement can be represented. First, we
uplicated the calculation of the dispersion curves using
he same parameters in [20], where the interface consists
f a free-electron metal and vacuum �εD=1� with sinu-
oidal shape function s�x�=d ·sin�2� /ax�. The period and
epth are a=500 nm and d=50 nm, respectively. The di-
lectric function of metal was set as εM���=1−�p

2 /�2,
�p=2 eV. The dimension of the coefficient matrix was
runcated to 42�42 �N=20� and the step of � varying was
et as �step=10−4 eV. The simulation results shown in Fig.
(a) are well consistent with those in [20], where the en-
rgy band gap can be observed clearly. By substituting the
esults shown in Fig. 2(a) into Eq. (5), the value of det�M�
as calculated at each wave vector. Unfortunately, it was

ound that the minimum of �det�M�� is more than 10304 as
hown in Table. 1. Obviously, it is too huge to be used to
alculate the expansion coefficient An.

We find that the difference between the absolute value
f each element abs�Mm,n� is very significant. For ex-
mple, when k=� /a and �=1.14 eV (upper frequency),
he maximum and minimum values of abs�Mm,n� are
.68�108 and 3.15�10−124, respectively. This is why we
tated that �M� is an ill-conditioned matrix, and the value
f �det�M�� cannot be reduced by normalizing the matrix
lements, even to reduce the searching step �step or the
atrix order N. We recalculated the dispersion curve

hown in Fig. 2(a) by reducing �step to 10−5 eV for N=20
nd reduced the matrix order to N=5 for �step=10−4 eV.
ccording to the calculation results, the difference of the

requency ����spp�� compared to that of Fig. 2(a) (where
step=10−4 eV, N=20) at each k are plotted in Fig. 2(b)
ith circle and diamond, respectively. The maximum of

��spp� and minimum of �det�M�� for both branches are
ummarized in Table. 1. It can be seen that when �step is
educed to 10−5 eV, min�det�M�� can be reduced only to
.74�10302. Meanwhile, we should notice the fact that
he absolute frequency differences ���spp� are all less than
0−3 eV when decreasing �step from 10−4 eV to 10−5 eV. It
eans that further reducing �step is not necessary to cal-

ulate the dispersion curve. On the other hand, it can also
e found that ���spp� are all less than 10−3 eV when the
atrix order was reduced to N=5, even though
in�det�M�� can be reduced to 2.57�1073 in this case,
hich is still too large.
To overcome it, we try to propose a new method to ex-

and the SPP mode solution in a different form rather

ig. 2. Calculated dispersion curves with (a) searching step
step=10−4 eV and matrix order 42�42, N=20 and (b) difference
f the SPP mode frequency by reducing �step to 10−5 eV �N=20�
nd reducing N to 5 ��step=10−4 eV� for sinusoidal metal–vacuum
nterface with period a=500 nm and depth d=50 nm.
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han Rayleigh expansion so that a new set of equations,
ifferent from Eq. (5), could be obtained to solve the elec-
romagnetic field distribution with the known dispersion
elation. Just CDA can be used to achieve this purpose.

. Calculating the Field Distribution
ccording to CDA, which is based on a coordinate trans-

ormation technique to make the interface flat, the SPP
ode solution can be expanded in a two-dimensional ex-

ansion form [16,23]:

Hy�x,z� =
1

Z0
�
m

�
q

fm
q exp�i	q�z − s�x���

�exp�i�k + m
2�

a 	x
 , �6�

here 	q is the eigenvalues of the mode and fm
q is the am-

litude of the mth Fourier component of the Hy field in
he qth eigenmode. The detailed process of CDA can be
ound in [16,23].

From Eq. (6) we can easily find that the mode solution
ontains the shape information of interface, not only in
he term of exp�i	q�z-s�x��� but also in the eigenvalues 	q

nd coefficients fm
q . This should be contrasted with the

ode solution form in GFM, Eq. (2) (Rayleigh expansion),
here the equivalent of the eigenvalues are the wave vec-

ors, �n= ��kx+n2� /a�2−ε�2 /c2�1/2, which are independent
f the surface profile. Thus the terms of Fourier summa-
ion to evaluate the relevant fields based on CDA are
ewer than those based on Rayleigh expansion, i.e., GFM
16]. Furthermore, the SPP mode solution of CDA is very
nsensitive to the accuracy of the dispersion relation due
o the two-dimensional expansion form of the electromag-
etic field, which will be discussed more deeply in Section
. In a word, CDA is superior for constructing the electro-
agnetic field distribution. Taking the advantages of
FM and CDA, a convenient method to obtain the full
PP mode solution is proposed as follows.

1. Use the rectangle coordinate system x ,y ,z and cal-
ulate the coefficient matrix �M� as Eq. (4).

2. Fix wave vector k, vary frequency � with a small
tep, and look for changes in the sign of det�M�. Then
ecord the relation of ��k.

3. Transform the coordinate system from x ,y ,z to u
z−s�x�, v=x, w=y. For a TM polarization mode, the com-
onent of the electric field locally parallel to the surface E�

nd that of the magnetic field normal to the symmetry Hy
re re-expressed as

Table 1. Summary for the Maximum Diff
and the Minimum Determinant Value of t

Searching Steps

Metal–Vacuum
Interface N �step (eV)

s�x�=d ·sin�2� /ax�
a=500 nm, d=50 nm

20 0.0001
20 0.00001
5 0.0001
F = �
0

ε0
	1/2

Hy, G = −
�

c
εE��1 + s�2 . �7�

hen a system of partial differential equations can be de-
ived from Maxwell’s equations in a covariant form and
he Floquet–Bloch theorem:

− i
d�

du
= �T���u�, �8�

here ��u�=limN→��F−N ,F−N+1, . . . ,FN−1,FN,
−N /ε , . . . ,GN /ε� is a generalized column vector. The co-

fficient matrix �T� is also defined by the limit N→� of
everal assistant matrices and the detailed expression
an be found in [23].

4. Substitute the relation of ��k into coefficient ma-
rix �T� for each medium and calculate the eigenvalues 	q

nd eigenvectors �q from ��T�−	q�I����q�=0.
5. Calculate the expansion coefficients �q in Eq. (8).

he expansion coefficients �q are proportional to the
igenvectors �q:

��q� = bq��q�. �9�

ince the ��u� is continuous at the boundary so that the
roportional coefficient bq in each medium can be calcu-
ated by a set of linear algebraic equations,

�M��bM� = �D��bD�, �10�

here �j� , j=M ,D is a matrix whose columns are the
igenvectors �q, and �bq

j � , j=M ,D is a column vector of
roportional coefficients in the appropriate medium
metal and dielectric).

6. Calculate the coefficients for electromagnetic field
omponent E� and Hy. In order to obtain the field solution,
e can write ��q�=� fm

q

gm
q � and further convert the mode so-

ution back to the rectangular coordinate system to obtain
q. (6) and the mode solution for the electronic field:

E��x,z� = −
c

� · ε · �1 + s�2�
m

�
q

gm
q

�exp�i	q�z − s�x���exp�i�k + m
2�

a 	x
.

�11�

7. By Maxwell’s equations, the component of the elec-
ric field locally normal to the surface calculation EN can
e calculated as

ce of the SPP Mode Frequency „� ��spp � …
efficient Matrix „�det†M‡�… with Different

he Matrix Order

max���spp� (eV)

min
�det�M��

Upper
Branch Lower Branch

\ \ 1.03�10304

9�10−5 4.5�10−5 5.74�10302

2�10−4 3�10−4 2.57�1073
eren
he Co
and t
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EN�x,z� =
1

� · ε · �1 + s�2

�Hy

�y
, �12�

r the components of the electric field along the x and z
irections Ex, Ez can be calculated as

Ex�x,z� = −
i · c

� · ε
·

�Hy

�z
, �13.a�

Ez�x,z� =
i · c

� · ε
·

�Hy

�x
. �13.b�

Therefore, a combination method to solve the normal
PP mode propagating on a cylindrical periodic dielectric-
etal interface is set up by taking advantage of GFM and
DA. In the following section we will present some ex-
mples and discuss the calculation details.

. CALCULATION OF SPP MODE
N PERIODIC INTERFACE

n this section, the field and surface charge distributions
f an SPP mode propagating on an Au-Si3N4 interface are
alculated by using the proposed combination method.
he permittivity of Au-Si3N4 is assumed as εD=4, while
he dielectric function of Au is obtained by the data in [24]
nd fitted as a Drude model:

εAu��� = ε��1 −
�p

2

�2
, h�p = 2.87 eV, ε� = 8.9.

�14�

. Results at First Brillouin Zone Boundary with
inusoidal Interface Shape
irst, the interface profile was set as sinusoidal function
�x�=d ·sin�2� /ax�, while the period and depth were a
100 nm and d=5 nm, respectively. For calculating the
ispersion curve, the order of coefficient matrix �Mm,n�
as set as 11�N=5� and the frequency searching step was

et as �step=0.001 eV.
The calculated dispersion curves are plot as solid

ircles in Fig. 3. As reference, the light line in dielectric
Si3N4� and dispersion curve of the flat Au-Si3N4 interface
re also plotted in solid and dashed lines, respectively.
he energy band gap can be observed clearly. There are
wo branches for the dispersion curves of the sinusoidal
haped interface, while one is higher than that of the flat
nterface and the other is lower. Meanwhile, all of the dis-
ersion curves are under the light line. Moreover, the fre-
uencies of SPP modes at the Brillouin zone boundary
kx=Kg /2=� /a=3.14�107 m−1� are also calculated by us-
ng the analytical formulation in [16] and shown as hol-
ow diamonds in Fig. 3. As expected, the mode frequencies
t kx= Kg

2 of the numerical and analytical solutions are
onsistent.

Following steps 3−7 in Section 2, the calculated disper-
ion curves were applied for calculating the electromag-
etic field distribution based on CDA. Here the order of
oefficient matrix �T� was set as 3 �N=1� and the propor-
ional coefficient b was obtained by solving Eq. (10) with
q
he least square method. The spatial region in calculation
as divided to 201�201 mesh grids along the x and z
xes with the range of 25 nm�x�225 nm and −100 nm
z�100 nm. The calculated field intensity of Hy, E� and

N at kx= Kg

2 are shown in Fig. 4 in a contour map, where
ll the intensities are normalized by the maximum value
n the boundary, and regions of high field strength are
hown as white.

As mentioned by Barnes [16], the physical origin of the
PP band gap can be found from the fact that two stand-

ng wave solutions of SPP modes, with different disper-
ion curves shown in Fig. 3, take different positions with
espect to the peaks and troughs of the interface. Such
onclusion is also confirmed by our calculation results
hown in Fig. 4. It can be observed clearly that the extre-
um of each field component occurs at the peaks or

roughs. For the lower frequency mode, shown in Figs.
(a)–4(c), the surface charge distribution should be con-
entrated around the peaks so that the extremum of nor-
al field component EN occurs at the same position,
hereas the extremum of both Hy and E� is around the

roughs. For the higher frequency mode shown in Figs.
(d)–4(f), EN will occur at troughs. These calculation re-
ults are similar to those in [4].

To verify our calculation more, the results of field dis-
ributions at the interface are compared to those calcu-
ated by the analytical formulation in [16]. Here, only the
esults of Hy combined with the spatial distribution of the
nterface are shown in Fig. 5, where the gray circles and
he black solid lines are obtained by numerical calculation
nd analytical formulation, respectively. From them, dif-
erent standing wave distributions of two SPP modes can
e observed also, and all of them are well consistent with
hose from the analytical formulation. In addition, by
omparing the field distributions of the low-frequency
ode (Fig. 4(a)) to the high-frequency mode (Fig. 4(d)), it

an be easily found that the energy of the lower frequency
ode is more concentrated to the metal, while that of the
igher frequency mode is to the dielectric. This phenom-

ig. 3. Calculated dispersion curves for Au-Si3N4 interface with
inusoidal shape (period a=100 nm and depth d=5 nm). Here
he light lines in dielectric and dispersion curve of flat Au-Si3N4
nterface are also plotted in solid and dashed curves, respectively.
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ig. 4. (a) Normalized spatial distribution of the magnetic field normal to symmetry �Hy�, (b) electric field locally parallel to surface �E��,
c) normal to surface �EN� for low-frequency mode and �d�− �f� those for high frequency modes at the first Brillouin zone boundary �kx
K /2�. The regions of high field strength are shown as white.
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non can be explained in that the higher frequency
ranch is pushed closer to the light line so that more en-
rgy of the SPP field is “shifted” to the dielectric side of
nterface [16].

. Field Distribution Along Whole Dispersion Curve
alculation results of SPP field distribution shown in
ubsection 3.A are all for the first Brillouin zone bound-
ry �kx= Kg

2
�. They identify with those reported by Barnes

n [16] and verify the correctness of our proposed combi-
ation method. By substituting the wave vector kx and re-

ated frequency � on the dispersion curve into the same
alculating steps as those in Section 2, the field distribu-
ion at an arbitrary wave vector can be obtained. As an
xample, the field distributions at kx
0.5Kg ,0.38Kg ,0.25Kg ,0.05Kg of the lower branch were
alculated with the same conditions as Subsection 3.A,
nd the results of normalized �Hy� are shown in Figs.

ig. 5. Comparison of �Hy� field distribution at interface be-
ween our numerical calculation (gray circles) and analytical for-
ulation in [16] (black solid lines).

Fig. 6. Normalized field distributions of �H � for the lowe
y
(a)–6(d). It can be observed that a difference of field
trength at troughs and peaks of the interface decrease
hile reducing the wave vector. When kx=0.05Kg, the

urve is almost flat, which can be observed more clearly
rom �Hy� distributions at interface as shown in Fig. 7.
his fact can be easily understood as follows. At the Bril-

ouin zone boundary �kx= Kg

2
�, the two spatial waves propa-

ating in opposite directions can perfectly interfere with
ach other so that the standing wave distribution of the
PP mode is generated. With the wave vector of the SPP
ode decreasing, only partial interference can occur and

he field strength at troughs and peaks close up. When
x=0.05Kg, the wavelength of the SPP mode is much
onger than the period of interface so that the field distri-
ution is not nearly as affected by the interface corruga-
ion and is close to that on the flat metal–dielectric inter-
ace.

. Symmetrical Sawtooth Shape
n the above two sections, the simplest case that profiles a
etal–dielectric interface in a sinusoidal shape has been

iscussed. In principle, both GFM and CDA can be used to
rbitrarily shape function so that the proposed combina-
ion method can also be applied. As an example, the SPP
ode solution will be discussed on the interface with a

ymmetrical sawtooth shape as follows.
The interface is still assumed as Au-Si3N4. The shape

unction was set as an odd symmetrical form:

s�x� = �h +
4h

a �x − ma −
a

4	 , −
a

2
� x − ma −

a

4
� 0

h −
4h

a �x − ma −
a

4	 , 0 � x − ma −
a

4
�

a

2
�.

�15�

he values of h and a were assumed as h=5 nm and a
100 nm, respectively.

h at (a) k =0.5K , (b) 0.38 K , (c) 0.5 K , and (d) 0.05 K .
r branc
 x g g g g
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The dispersion curve was calculated by setting N=5,
step=0.001 eV and is shown as gray circles in Fig. 8,
here the black solid lines are those for sinusoidal shapes
ith the same depth and period. Comparing these disper-

ion curves, one can find that there is no significant dif-
erence, but the band gap of the sawtooth shape function
s a little narrower. It can be explained as that the SPP
and gap is most affected by the lowest harmonic compo-
ent of the interface [16]. The dispersion curve is also cal-
ulated by setting the interface shape only with the first
ourier component of Eq. (15) and is shown as a black
otted line in Fig. 8. It can be observed that they are
early the same as those for symmetrical sawtooth shape
unctions, and the maximum difference of the SPP fre-
uency is less than 0.004 eV.
Then the field distributions of the SPP mode were cal-

ulated following the combination method. The results of

ig. 7. Normalized field distributions of �Hy� at interface for the
ower branch at kx=0.5Kg, 0.38 Kg, 0.5 Kg, and 0.05 Kg.

ig. 8. Calculated dispersion curves for Au-Si3N4 interface with
ymmetrical sawtooth shapes (gray dotted line, period a
100 nm, and depth d=5 nm). Here black solid lines are for sinu-
oidal shapes with the same depth and period, and the black dot-
ed lines are for the interface shapes only with the first Fourier

omponent of Eq. (15). a
ig. 9. Normalized spatial distribution of (a) �Hy� and (b) �EN� for
ow-frequency mode and �c�− �d� those for high-frequency mode

t kx=Kg /2 with symmetrical sawtooth shapes.
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Hy� and �EN� at kx= Kg

2 are shown in Figs. 9(a)–9(d) for
ower and higher frequency modes, respectively. Compar-
ng them to the results for sinusoidal shapes in Figs. 3(a),
(b), 3(d), and 3(e), one can find that the strength distri-
ution of the �Hy� field is very similar, but that of �EN� is
ifferent. The white regions in Figs. 9(b) and 9(d) are
uch narrower than those in Figs. 3(b) and 3(e) and more

oncentrated around the peaks or troughs. It indicates
hat the surface charges are more concentrated due to
harper ends of the sawtooth shape interface.

From the results mentioned above, we can find that the
ispersion curves of the SPP mode are mainly determined
y the lowest harmonic of the interface shape, but the
eld distributions are evidently influenced by the higher
armonic.

. Calculating Stability of Proposed Combination
ethod
ntil now, it has been proved that the proposed combina-

ion method could be adapted to calculate the electromag-
etic field distribution for arbitrary wave vectors and ar-

ig. 10. Calculated variation of �Hy� field intensity ��
10 log102·abs��Hy

1�− �Hy
2�� / �Hy

1�+ �Hy
2��� for (a) low-frequency mode

nd (b) high-frequency mode by setting the frequency searching
tep �step=0.001 eV and �step=10−5 eV with sinusoidal shape in-
erface the same as Fig. 4.
itrary interface shape functions. The valid range of
orrugated amplitudes for GFM and CDA has been dis-
ussed by many authors [1,2,6,16,20,23]. So, such a dis-
ussion is not included in this paper, and we will discuss
ow the calculation results of field distribution depend on
he accuracy of dispersion curves in this section.

We selected the frequency searching step �step
0.001 eV and �step=10−5 eV to investigate how the cal-
ulation results of electromagnetic field distribution vary
ith the dispersion curves obtained from two such differ-
nt values of �step. Here we use a parameter � to evaluate
uch difference, which is defined as

� = 10 log10�2 ·
abs��Hy

1� − �Hy
2��

�Hy
1� + �Hy

2� �. �16�

igs. 10(a) and 10(b) show the results at kx= �
a for lower

nd higher energy SPP modes, respectively, where the
arker color represents smaller value of � and only the
alues of ��−40 dB are indicated. Compared with Fig.
(a), it can be observed in Fig. 10(a) that, for the lower
requency mode, � is less than −40 dB in most parts of the
egion around the troughs of the interface �X
75,175 nm�, while larger � appears only in the region
round the peaks of the interface �X=0,125,225 nm�
here the strength of �Hy� is nearly equal to 0. Here, the

arger value of � can be considered as an error due to sub-
raction between two real numbers near zero. The situa-
ion is similar for higher frequency modes, and the value
f � is less than −25 dB in most parts around the peaks
here �Hy� is more concentrated. It is clear that for both
PP modes �step=0.001 eV is sufficient, because the field
istribution of the SPP mode is changed less than 0.3%
�=−25 dB� as �step is increased to �step=10−5 eV. A mod-
rate frequency step and coefficients matrix order guar-
ntee that the proposed combination method has quite
ood stability for calculating the normal mode solution of
PP propagating on a spatial periodic interface.

. CONCLUSIONS
y taking advantage of GFM and CDA, a numerical com-
ination method is proposed for calculating the electro-
agnetic field distribution of the SPP mode on a cylindri-

al periodic dielectric–metal interface. Here, the
ispersion curves are calculated following the GFM, and
he electromagnetic field distributions are obtained by ap-
lying the two-dimensional field expansion form of CDA.
ith the proposed method, it is demonstrated that disper-

ion curves of a metal–dielectric interface with arbitrary
hapes such as sinusoidal and symmetrical sawtooth
hapes can be calculated. Meanwhile, the electromagnetic
eld distribution can be well calculated not only at the
rst Brillouin zone boundary �kx= Kg

2
� but also at an arbi-

rary wave vector along the dispersion curve. As ex-
mples, the dispersion curves and electromagnetic field
istributions of the SPP mode are presented based on an
u-Si3N4 interface with sinusoidal and symmetrical saw-

ooth shapes. By comparing the field distributions ob-
ained with different frequency searching steps, it is
roved that the proposed method has quite good stability.
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he variation of field intensity is less than 0.3% as �step
ncreased from 0.001 eV to 10−5 eV for the sinusoidal in-
erface shape.

Since the dispersion relation of SPP modes as well as
heir field distributions can be well calculated, the pro-
osed method in this paper provides a useful tool for re-
earch related to the local SPP field strength in areas
uch as the nonlinear effects in SPP crystals and quan-
um electrodynamics effects, especially for spontaneous
mission lifetime modification.
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