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Abstract. In this paper, we propose a slow light-enhanced quantum memory with high efficiency based
on atomic frequency comb (AFC) in ion-doped photonic crystal waveguide (PCW). The performance of
the quantum memory is investigated theoretically, considering the impact of the signal bandwidth. Both
the forward and backward retrieval schemes are analyzed. In the forward retrieval scheme, the analysis
shows that a moderate slow light effect can improve the retrieval efficiency to above 50% with very high
fidelity, even when the intrinsic optical depth is very low and the signal bandwidth is comparable with the
AFC bandwidth. In the backward retrieval scheme, retrieval efficiency larger than 90% can be obtained
and fidelity can remain above 90% for signal with bandwidth much narrower than AFC bandwidth, when
moderate slow light is introduced into waveguide with low intrinsic optical depth. Although the phase
mismatching effect limits the slow light enhancement on retrieval efficiency and decreases the fidelity for
signal with bandwidth approaching AFC bandwidth, we design a modified atomic frequency comb structure
(MAFC) based on which a moderate slow light can make the retrieval efficiency larger than 85% and keep
the fidelity above 80%. Our calculations show that the proposed scheme provides a promising way to realize

high efficiency on-chip quantum memory.

1 Introduction

Quantum memory is a crucial element for future quan-
tum networks [1], as a basic function utilized in quantum
repeaters [2,3], deterministic single-photon sources [4],
measurement-device-independent quantum key distribu-
tion [5] and so on. Several approaches have been proposed
to realize quantum memory, including electromagnetically
induced transparency (EIT) [6,7], off-resonant Raman in-
teractions [8,9], and schemes employing photon echo pro-
tocols, such as controlled reversible inhomogeneous broad-
ening (CRIB) [10,11], gradient echo memory (GEM) [12],
revival of silenced echo (ROSE) [13,14], and atomic fre-
quency comb (AFC) [15,16]. Compared with other ap-
proaches, the approach based on AFC has the ability to
store temporal multimode signals independent of optical
absorption depth, hence, it attracted much attention in
recent years.

The storages of photons at telecom wavelengths [17],
energy-time entangled photon pairs [18], photon qubits in
polarization [19,20], and hyper-entangled photon pairs [21]
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have been demonstrated via the AFC-based protocol. To
achieve sufficiently broad inhomogeneous broadening, all
the experimental implementations of quantum memory
based on AFC are in rare-earth ion doped crystals or
glass, such as Pr3t:Y,SiOs [22,23], Nd®*:Y,SiO5 [16],
Nd3*+:YVO, [18], and Er**-doped fibers [17]. However, It
is difficult to realize an high optical depth in the rare-earth
ion doped crystal, since the concentration of ions doped
in the crystal is usually limited to reduce the decoher-
ence induced by the strong interaction between the adja-
cent ions. The creation of AFC further reduce the optical
depth. Therefore, compared with quantum memory based
on other protocols which can be implemented in atomic
gases [24,25], the efficiency of the AFC-based method are
still limited. For bright light, the highest storage efficiency
is 35% [26], and the storage efficiency for the signal at
single photon level is usually lower than 10% [16-19,22].
This shortcoming gets much severe when on chip quan-
tum memory of small size is developed [27,28]. Recently,
it has been proposed and demonstrated that the efficiency
of the quantum memory based on AFC can be improved
significantly by placing the rare earth doped crystal into
an optical cavity [29-31]. The experiment shows that the
retrieval efficiency increases from 1% to 56% thanks to
the effect of the cavity [31]. However, this approach has
some disadvantages if on-chip realization is considered.
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The complicated interaction between the AFC and cav-
ity mode [31,32] makes the cavity design and AFC mea-
surement challenging, and the inevitable unexpected loss
in micro or nanocavity lowers the storage and retrieval
efficiency significantly.

In this paper, we propose a slow light-enhanced quan-
tum memory scheme based on AFC in rare-earth doped
photonic crystal waveguide (PCW). Both the forward
and backward retrieval schemes are analyzed theoretically,
with the consideration of the signal bandwidth. In the
forward retrieval scheme, under a moderate slow light ef-
fect with a group index ng, = 37, the theoretical anal-
ysis shows that the retrieval efficiency can be improved
from about 1% to above 50% in a system with very low
intrinsic optical depth, even when the signal bandwidth
is comparable with AFC bandwidth. Though the slowing
light also enhances the AFC induced dispersion and in-
tensifies the fidelity degrade with increasing signal band-
width, slow light effect with n, = 37 can still keep the
fidelity above 90% for signal with bandwidth approach-
ing AFC bandwidth. In the backward retrieval scheme,
the theoretical analysis shows that a moderate slow light
effect in PCW with low optical depth can improve the re-
trieval efficiency to above 90% for signal with bandwidth
much narrower than AFC bandwidth, while keeps the fi-
delity above 90%. Though the phase mismatching effect
in the backward retrieval scheme limits the slow light en-
hancement on retrieval efficiency and reduces the fidelity
for signal with bandwidth approaching AFC bandwidth,
our calculation shows that retrieval efficiency and fidelity,
higher than 85% and 80%, respectively, can be simulta-
neously achieved in PCW with moderate slow light ef-
fect, by introducing a modified atomic frequency comb
structure (MAFC), designed according to the principle in
reference [33].

2 Scheme description

A sketch of the AFC-based quantum memories in waveg-
uides is shown in Figure 1. Atoms or ions are doped into
the waveguide as an ensemble. The absorption of signal
in the ensemble is due to the transitions from the ground
state |g) to the excited state |e) of the atoms or ions,
each of which is homogeneously broadened. An absorp-
tion comb, namely the AFC, can be realized by a train
of elaborate pump pulses [28]. These pump pulses burn a
broad hole on the absorption spectrum, while the period-
ical comb-like peaks are left in the hole, as shown in the
absorption spectrum in Figure la. As a type of quantum
memory utilizing the photon echo technology [10,34-36],
the storage and retrieval processes of the AFC-based pro-
tocols can be implemented in two configurations depend-
ing on whether on-demand retrieval is required, which are
shown in Figures 1b and lc, respectively. In the scheme
shown in Figure 1b, when the signal pulse is injected and
travels through the waveguide shown in Figure 1b.1, a
fraction of the photons in the pulse would be absorbed
and mapped into the collective excitation state in the
AFC, i.e., be stored. After a duration in which the de-
phasing and rephasing processes occur successively, the
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Fig. 1. The sketch of AFC-based quantum memory the in
waveguide. (a) The illustration and port definition of the
waveguide. The inset shows the energy levels of the atoms and
profile of AFC. For simplicity, in the illustration the creation of
the AFC is attributed to the engineering of the excited states.
(b) The pulse sequence in the input port (b.1) and output port
(b.2) in the forward retrieval scheme. (c) The pulse sequence
in the input port (c.1) and output port (c.2) in the backward
retrieval scheme.

photons will be mapped out and retrieved forward from
the output port of the waveguide, as shown in Figure 1b.2.
In the scheme shown in Figure 1c, after the input signal
is stored, two counter-propagating control light pulses are
successively injected into and travel through the waveg-
uide as shown in Figures 1lc.1 and 1c.2. The first con-
trol light pulse transfers the optical coherence between |g)
and |e) to spin coherence between |g) and another ground
state |s) shown in Figure la. The second one realizes the
reverse process of the above transfer and achieves the func-
tion of on-demand retrieval. The retrieved photons travel
backwardly and output from the input port of the waveg-
uide. For simplicity, these two schemes will be called for-
ward and backward retrieval schemes, respectively, in the
following descriptions. In both schemes, a fraction of pho-
tons in the signal pulse would travel through the waveg-
uide directly without interacting with the AFC, forming
the transmitting pulse, which is also shown in Figures 1b.2
and lc.2.

Due to the limited concentration of the doped ions,
high intrinsic optical depth is difficult to be realized in
the doped waveguide. It can be expected that most input
signal photons would travel through the waveguide with-
out interacting with the AFC, leading to strong transmit-
ting pulses and weak retrieved pulses. Hence, the storage
efficiency of the memory is limited by the low intrinsic
optical depth of the waveguide. Recently, photonic crys-
tal waveguide (PCW) structures with strong slow light
effects have been developed [37-40]. In PCW, the group
velocity of the waveguide mode is highly reduced due to
the multi-scattering processes in the periodical structure.
Here we introduce the PCW with slow light into the
schemes of quantum memory based on the AFC. For the
slow light mode in PCW, the temporally compression
effect enhances the electrical field intensity of the light
significantly, hence, provides large coupling strength be-
tween the light and doped atomic ensemble, which will
increase the optical depth. On one hand, such enhance-
ment improves the performance of the storage process
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by enhancing the coherent absorption of the signal pho-
tons into AFC. On the other hand, it enhances the ree-
mission process and makes the retrieving process more
efficiently. In the following sections, we will investigate
the effect of slow light on the performance of AFC-based
quantum memory in waveguides theoretically.

3 Absorption of AFC in PCW with slow light

Considering that a light pulse is traveling forward along a
PCW with a length of L, the positive frequency compo-
nent operator of the light field can be expressed as

hwo

Ef(z,t) =i
(z,8) =1 dmegug

f A /d‘*’@f (zyw)e 0 (1)
where wq is the central angular frequency of the pulsed
light; A is the effective modal area of the guiding mode
in the PCW; v, and v, are the phase and group veloc-
ities of the slow light mode at the frequency of the sig-
nal light, respectively [41]. For different ng, A is treated
as constant to simplify the calculation. This assumption
is reasonable since the PCWs realizing different n, at
the same wavelength should be designed respectively, by
which their modal fields could be optimized to be the
same. For slow light mode in PCW, the group velocity vy
is far smaller than the light speed in bulk dielectric ma-
terials. Hence, the expression shows that the light field of
the waveguide mode can be highly enhanced by the slow
light effect, since its amplitude is in inverse proportion
to the v4. In the expression, the uniform transverse light
distribution is used for simplicity. The results under this
assumption could be modified to the case with a complex
transverse field distribution if the overlapping integration
between the light field and the transverse distribution of
the doped ions is considered. The v, and v, are treated
as two constant parameters of the waveguide mode under
the condition that the signal bandwidth is narrow relative
to the central frequency. Utilizing the annihilation opera-
tor ay (z,w), the photon flux amplitude operator can be
defined as ay (z,t) = [ dway (z,w)e " @=w0)t /\/27 where
the rapidly varying term of e=“o(t=2/%») are dropped for
simplicity. The forward photon flux can be obtained by
It (2,t) = (a}(z, t)as(z,t)). For the light pulses travelling
backward in the waveguide, the electrical field operator
E;’ (z,t), the photon flux amplitude operator a (z,t) and
the photon flux I (z,t) can be defined in the same way.

For an atom doped in the waveguide, the atomic co-
herence operators can be expressed as

G9¢ (th;wge) = |gvsz96> <e727wg€| )
6% (z,twge) = | €, 2, Wge) (G, 2, Wgel »
G99 (th;wge) = |gaz’w9€> <g727w9€| )
G (th7wge) = |e’z’wge> <e727wge|

and
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where | g, 2,wge) and |e, z,wqe) are the ground state and
excited state of the atom at the location z, respectively.
wge is the resonant frequency of the transition from the
ground to the excited states. In the ensemble, the transi-
tion has a frequency distribution, which can be described
by a normalized distribution function n (wg.). In the rep-
resentation with the bases of | e, z,wge) and | g, z,wge) , the
intrinsic Hamiltonian of the atoms in the waveguide can
be expressed as

Hy = hNo/dwgen(wge)/dz’&ee (2', t;wge) /L,

where No/L is the line density of the atoms along the
waveguide. The Hamiltonian describing the interaction
between the atoms and the forward (backward) propa-
gating light field can be written as

ﬁl,f(b) = —i\/27rhueg/<;N0/dwgen(wge)

X /dz'&f(b) (2',1) 6% (2', t;wge)
x e"wolt=2/vp) /T, 4 H.c,

where kK = \/w0/47rh50ng and jiey is the dipole
momentum of the transition between ground and ex-
cited states [42]. In the following calculations, we use
697 (2,t;wge) and 67 (2,t;wge) to represent the slowly
varying envelope of the forward propagating pseudo-spin
wave, and those of the backward propagating pseudo-spin
wave is represented by o (z,t; wge) and o7 (2, t; wge), re-
spectively. Here, the terms of the forward and backward
rapidly varying carriers e ~*0(t=2/vp) and e~ wo(t+2/vp) gre
dropped, respectively.

Substituting H; ; and 69 (z,t) into the Heisenberg
equation, we can get

é;’ce (2,t;2) = —iQ&i’f (2,t;92)

+V2hieg6F (2,4 02) ag (2,1),  (2)
where 2 = wge — wy is the detuning between wye and wy.
The commutation relation
[69€ (2,t;02),69¢ (2, t;2)] = =6 (2 — 2/, 2 — )
x 6% (2,t; Q) [Non () /L] "

is utilized in the derivation of equation (2). When a light
pulse propagates along the PCW, the operator ay (2,t)

satisfies
10
/ dfon (2) 64° (2,4 2)

oy (')t) ayp(2,t) = V2mkpegsNo

-
0z
x f @)

where n (£2) in the right hand side (RHS) of equation (3)
is another form of n(wge) under 2 = wge — wo [42]. For
simplicity, we suppose a Gaussian AFC structure

oo
0 () = range” 2T YT en @A (4

n=-—oo
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where I'/2m is the comb envelope width; v, /27 is the peak
width, and A/27 is the space between two adjacent peaks,
respectively. The coefficient r, is defined by r, = v, /A. It
represents the ratio of the atoms which could interact with
the light field in the AFC bandwidth. Moreover, n (§2) is
normalized by [ d2n (£2) = r, and n, is the factor for the
normalization.

The solution of equation (3) can be calculated under
the conditions that (i) the input light pulses are weak, and
(ii) the temporal width of the input pulses is much smaller
than 27/A. The details of the derivation are shown in
Appendix A of the Supplementary material and a solution

in the time range of ¢ < 27/A, defined as a; ) (z,1), is
shown in equation (5),

1 ) 0., agngni(2)z
a (z,t) = 40e! (2= 07
! 21

agngny(2)z

X e a’y" (0,42),

where -
ng () =e " /2r
and

ni (£2) = 6_92/2F2erﬁ(—9/\/2f);

g = 27rw0u§gN0r§/FﬁeocLA

is the intrinsic absorption coefficient of the AFC in waveg-
uide; ny, = c¢/v, is the group index of the waveguide
mode; dj}” (0, £2) is the Fourier transformation of the pho-
ton flux amplitude of the input signal field. The term
eiaongmi(2)2/2 ang e=@0neno(2)2/2 pregents the AFC in-
duced dispersion and absorption, respectively. This equa-
tion reveals that the photon flux amplitude ays (z,t) in
the waveguide can be represented by a transformation of
the input amplitude a”’ (0,t). Then, the photon flux of the
transmitting pulses at the output port of the waveguide
can be calculated as

19 (z,1) = @z, )2l (2,1)

2
1
- < > / e
2w
/dQ . Qz 21) ( )+aong(”1(Qg)—ﬂq(fh))z

— 2009 [ng (21)+n0(£22)]

x/dtl/dthi(Q1t1—92t2)G§P) (0,t17t2)7
(6)

where cho) (0,t1,t2) is the autocorrelation function of the
input pulse at z = 0. Compared with the photon flux of
the input pulse,

17 (0,1) < ) /d(h/dﬂ et(Z2= )t

X/dtl/dthi(Qltl_QQtQ)G’;‘n (O,tl,tQ), (7)
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IJ(CO) (2,t) in equation (6) is attenuated by a factor of

e~ ngz[no(21)+10(£2)1/2 for every combination of frequen-
cies components {27 and (2 in the integral. This factor
decreases exponentially with increasing ng4, showing that
the transmitting pulse is reduced significantly if slow light
effect is introduced.

If the input light has a Gaussian profile in time domain,
the photon flux of the transmitting pulses can be calcu-
lated explicitly. The detail of the calculation is shown in
Appendix C of the Supplementary material. It shows that
if the input light is a single Gaussian pulse with a photon
flux amplitude of a () = \/Ioe’(%t)Qp, the photon flux of
the transmitting pulses is

I(O) (L t) _ 1 ?
f ’ 2

agngLng(£2)
- 2

. oL «ongLni(2)
/dQez(Qt_ vg T 2 )

2

; (8)

X e

a($2)

where a (£2) is the Fourier transformation of a (¢). If the in-
put light is a train of Gaussian pulses with photon flux am-
plitudes of a; (t) = e~ls(t=to))1*/2 (j = 1, .. N), namely,
temporal multimode Gaussian pulses, the photon flux of
the transmitting pulses is

/dQem(t— L

1L, t) = (;ﬂ)zi
2

o+ ao'n.g[énl(ﬂ) )

J=1

agngLng(£2)
- 2

x e a(92) 9)

From equations (7) and (9), we can see that the absorption
of all the input pulses can be enhanced by slow light. Fur-
thermore, we can define transmitting ratio R, to charac-
terize the transmitting probability for the input photons,
which can be expressed as

Ta+t2 o ta
R, = / 1O (L,tydt/ [ 1 (0,t)dt, (10)

d+t1 t1

with to = tony + 27/7s and t; = —2m /s, i.e., the ratio
of the area under the transmitting pulses to that under
the input pulses. Here, the center of the first pulse in the
input train of pulses is defined as tp; = 0. The term 27/,
is the temporal width of the Gaussian pulse and 74 is the
transiting time of the pulse in the PCW.

In Figure 2, the transmitting ratio R; for a single
Gaussian pulse in the waveguide with an intrinsic opti-
cal depth of agL = 0.05 and a length of L = 100 pm
is calculated and plotted under increasing ng4. Using such
short length, the propagation loss of PCW is low, and
most of the photons coupling into the PCW will partic-
ipate in the storage and retrieval processes. The calcu-
lations are based on equation (8). The AFC used in the
calculation has a bandwidth of I'/2r = 8 MHz, a peak-
peak spacing of A/2m = 1 MHz and a single peak width
of 7,/2m = 0.1 MHz, the magnitude orders of which are
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Fig. 2. The transmitting ratio R when a single Gaussian pulse
with bandwidth of vs/2m = 1 MHz (black solid line), 3 MHz
(red dotted), 5 MHz (blue dash dotted), 7 MHz (pink dashed)
and 9 MHz (green short dashed dot) is input into a waveg-
uide with intrinsic optical depth of oL = 0.05 and length of
L =100 pm. The horizontal coordinate is the group index ng4
of the slow light mode. The AFC in PCW has bandwidth of
I'/2r = 8 MHz, peak-peak spacing A/27 = 1 MHz and sin-
gle peak width 7v4/27 = 0.1 MHz. In the inset, the black solid
line shows the normalized absorption spectrum of the AFC.
The red dashed line shows its envelope, and the blue dotted
line presents the normalized spectrum of the input signal with
~s/2m = 3 MHz.

referred to the experiments of quantum memory based on
the AFC in praseodymium-doped crystals [22]. We can
see that R; shows exponential-like decrease with increas-
ing ng, which means that the transmitting probability for
the input photons decreases sharply if the slow light effect
is introduced. On the other hand, R, increases slightly
with rising ~vs. It can be intuitively explained by equa-
tion (8), in which the attenuation is expressed with a fac-
tor of e~ (DL/2 ghowing that the attenuation get
weaker under higher frequency component 2. It can be
seen that even though the signal bandwidth increases to
vs/2m = 7 MHz, which is near the AFC bandwidth I'/27,
R, can be controlled to be lower than 5% with a moder-
ate ng of 37. This result shows that the slow light effect
in PCW can significantly enhance the absorption process
in AFC-based quantum memory.

4 Retrieval processes of the AFC-based
quantum memory in PCW with slow light

4.1 The forward retrieval scheme

In the forward retrieval scheme, the retrieved light pulses
output at z = L. If the input signal pulses are injected into
the waveguide at ¢t = 0, the transmitting pulses will leave
the waveguide around t. = 27/ + 74, and the retrieved
pulse will leave the waveguide at ¢, & 27w/, +27/A. Here,
27 /A is the storage time of the light pulses in the waveg-
uide, which is determined by the space A between the two
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adjacent peaks in the AFC. Considering a specific time Ty
satisfying t. < Ty < t,, the solution of equation (2) at
t= T() is

To

69 (2,To; 2) = V27K fteg / dt’eiiQ(TO*t')@f (z,t).

— 00

(11)

The evolution of 6% (z,;§2) after t = Ty can be ex-

pressed as
59 (2,1 2) = 69 (2,To; 12) o —i2(t=To)
t
+ \/Zﬂﬁueg/dt”e—m(t—t )df (z,t”) .
To
(12)

Substituting equation (12) into equation (3), we can
obtain

0 1 0. Qong
t)=—
(62’ N Vg at) 4y (zt) 27
TO t
x /dt’ﬁ(t—t’)af (z,t')—i—/dt”ﬁ(t—t”)df (z,t")],
— 00 TO
(13)

where 7 (t) is the inverse Fourier transformation of the
distribution n (£2) in equation (4). Under the assumption
that the temporal width of the pulse is far smaller than
the storage time, i.e. 27 /v, < 27 /A, a frequency domain
solution of equation (13) can be obtained as
0 2 0 (1) _ Qonyg _723 27 2
(82 * Vg 0t> iy (%9) = 9 ¢ )

1227

Xe A dgc()) (z,92)

9 () + i1 (2)

xa\ (z,0),

+
(14)

where &;1) (z,82) is frequency domain presentation of

dgcl) (z,t), the photon flux amplitude operator of the first

retrieved pulse after Tp; the term e~ (277a/ 4)*/2 describes
the decay of the collective excitation of the atoms in the
AFC due to the decoherence during the storage process.
The first term on the RHS of equation (14) is related to

&gco) (z,£2), and is a transformation of a s (0,¢) according to

equation (5). So it describes the generation process of the
reemitted light when the polarizations of the atoms are
rephasing. The second term on the RHS of equation (14)
describes the reabsorption process in the propagation of
the reemitted light, since it presents the polarization in-

duced by dgcl) (0,t) itself.
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The photon flux amplitude of the retrieved pulsed light
at z = L can be calculated by solving equation (14) and
the result is
aongL 723 (1)

.Qtf QL+”0" Lwl(Q))
dne’

agng LnO(Q)

aM(L,t) =

no (£2)a(0,92).  (15)
The derivation process of this equation can be seen in
Appendix B of the Supplementary material. It is obvious
that in equation (15) the retrieved photon flux amplitude
is expressed as a transformation of that of the input light.

If the input signal light is a single Gaussian pulse with
a photon flux amplitude of a (t) = \/Ioe’(%t)Q/z, substi-
tuting equation (15) into I}l) (L,t) = <a§c1)T(z, t)agcl)(z, t)),
the photon flux of the retrieved light pulse can be calcu-
lated by the process shown in Appendix C of the Supple-
mentary material, and the result is

1)? a2
I(l) (L t) <27T> (OéongL)Qe ( A )
/dQei[Q(t—QA"—“f;)+“0”Lgf;7b1(0)]

agngLng(£2)
- 2

X e no (2)a(2)] , (16)

where a (£2) is the Fourier transformation of a (¢) and
I'/27 is the envelope width of the AFC. It is obvious that
the retrieved pulse has a time delay of 2w /A, besides L /v,
and the delay brought by the AFC induced dispersion.
This time delay indicates that the storage of the signal
light pulse is achieved.

We can define the retrieval efficiency as

2 | A+T4+t 1
f27r//A+Tdd+t12 I( ) (L t)dt

T ( 2""’Ya

e f " 10 (0, 1) dt’

where e~ (277/4)* in the denominator is used to exclude
the signal dissipation due to decoherence effect, and t1, to
and 74 have been defined in the definition of the trans-
mitting ratio R; in Section 3. The expression of 7, can be
seen in Appendix D of the Supplementary material and
the analysis there also shows that the dependences of 7,
on ng and v, can be qualitatively investigated by the ex-
pression of photon flux, i.e. (Eq. (15)). In equation (15),
the coefficient agng appears twice. The one outside the
integral results from the slow light enhanced reemission
process, while the second one in the exponential term in-
side the integral is due to the enhanced reabsorption pro-
cess of the reemitted light. Hence, for a waveguide with a
length of L, there exists an optimum any to realize the
maximum retrieval efficiency. In reference [15], there is a
conclusion that the maximum retrieval efficiency can be
realized under oL = 2, in which the impact of the signal
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bandwidth and the slow light effect in the waveguide are
not considered. It can be seen that equation (15) in our
result is equivalent with equation (19) in reference [15] if
e 2°/2I” and ng are both replaced by 1, leading to the
same conclusion as that in reference [15] under the condi-
tions that the signal bandwidth is extremely narrow and
there is no slow light effect in the waveguide.

On the other hand, when the input signal light is the
train of N Gaussian pulses mentioned in Section 3, in
which the pulses are separated without overlapping, the
photon flux of the retrieved pulses can be calculated in
the way that equation (15) is obtained, and the result is

2
1 1 o (2702
I})(L,t):—(%) (agLng)*e (*3)
% 2: /dQ z[() t toj— ,vg)+%Lng2nl(Q>]

_agLngng(2)
X e 2 no

; (17)

where the trade-off between the enhanced reemission and
enhanced reabsorption obviously exists for each pulse.
This equation shows that appropriate slow light effect can
enhance the retrieval performance of each mode indepen-
dently in the temporal multimode signal.

By equations (16) and (17), the impact of the slow light
effect on the performance of the forward retrieval scheme
of the AFC based quantum memory can be analyzed. Fig-
ure 3 shows the calculation results.

Figure 3a shows the photon flux I at the input and
output ports of the waveguide when the input signal
light is a single Gaussian pulse. The waveguide has a
low intrinsic absorption depth of ayL = 0.05. The AFC
has a bandwidth of I'/2r = 8 MHz, a peak-peak spac-
ing A/2r = 1 MHz, and a single peak width 7,/27 =
0.1 MHz. The input single Gaussian pulse has a band-
width of 75/2m = 3 MHz. The black dashed line shows
the photon flux of the input pulse at the input port, and
its center is set as t = 0. The red solid and blue dotted
lines are the calculated photon fluxes at the output port of
the waveguide under ny, = 2 and n, = 37, respectively. In
the calculation results, the first pulse is the transmitting
pulse propagating through the waveguide without inter-
acting with the AFC, which is calculated by equation (8).
The second pulse is the retrieved light pulse calculated by
equation (16).

It can be seen that the photon flux peak I, of the
transmitting pulse is higher than 0.8 when the I, of the
input pulse is normalized to 1 in the case of ny = 2. On
the other hand, the I, of the retrieved pulse is nearly
not visible, since most photons transmits the waveguide
without interacting with the AFC. However, the perfor-
mance of the quantum memory is improved significantly
if a moderate slow light effect is introduced with a n4 of 37.
The Ihax of the transmitting pulse reduces to near 0.02
and that of the retrieved pulse increases to near 0.52, since
the slow light effect in the waveguide enhances both the
absorption and the reemission processes.
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Fig. 3. Calculation results of the performances of the for-
ward retrieval scheme. (a) The stored and retrieved pulses in
the forward retrieval scheme when the input light is a single
Gaussian pulse. The black dashed line is the normalized pho-
ton flux I of the input pulse. The red solid line and the blue
dotted line are the normalized photon fluxes I of the output
light under ny = 37 and ny = 2, respectively. The AFC param-
eters are the same to those in Figure 2 and 7,/27r = 3 MHz.
(b) The stored and retrieved pulses in the forward retrieval
scheme when the input light is a pulse trains with two Gaussian
pulses. The bandwidth of the pulse train is vs/27 = 3 GHz.
The parameters of the AFC structure are I'/2r = 8 GHz,
A/2m = 200 MHz, and ~,/27 = 10 MHz, respectively. (c¢) The
retrieval efficiency 7, of the case shown in (b) under different
group index ny and bandwidth of the pulse train ~s. (d) The
retrieval fidelity F' of the case shown in (b) under different ng
and vs. Other parameters in (¢) and (d) are the same to those
in (b).

To show that this scheme can be utilized to store and
retrieve the temporal multi-mode signals, Figure 3b shows
the calculation result when the input signal light is a pulse
train with two Gaussian pulses. In this case, the AFC
parameters are set as I'/2n = 8 GHz, A/27 = 200 MHz,
and v, /27 = 10 MHz, respectively. The spectral width of
the pulse train is set as vs/27 = 3 GHz, and the photon
flux peak I,ax of each pulse is normalized to be 0.5. These
parameters are set to show the feasibility of the storage
of the broadband signal in the rare earth doped material
with large inhomogeneous broadening [17,26]. The colors
and styles of the lines in this figure is the same as those in
Figure 3a. It can be seen that the slow light effect in the
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waveguide can also enhance the performance in this case.
The I,.x in the retrieved pulse increases to 0.24 under a
group index of ny = 37, while the transmitting probability
is suppressed significantly.

To show the impact of the slow light effect more clearly,
the light retrieval efficiencies 7, in the case shown in Fig-
ure 3b are calculated under different group indexes ng, and
signal bandwidth v,. The results are shown in Figure 3c.
It can be seen that at each signal bandwidth, the light
retrieval efficiency has a maximum under a specific ng.
It is the result of the tradeoff between the enhancements
of the slow light effect on the reemission and reabsorp-
tion processes, represented by the terms of aLng, and
e~ Lngno(2)/2 in equation (17), respectively. The maxi-
mum retrieval efficiency is about 54% at ny, = 37 when
vs/2m = 1 GHz. It reduces with increasing 7,, while the
optimum ng to realize this maximum increases at the same
time. It can be explained by equation (17), in which the
optimum n, to realize the maximum photon flux is dif-
ferent for the components with different frequency detun-
ing {2. The component with larger {2 requires higher ng.
For a signal with broader bandwidth, the tradeoff should
be taken over all the frequency components, leading to a
lower peak of retrieval efficiency and a larger optimum 7
to realize it.

According to definition in reference [33], the fidelity
of the quantum memory is calculated and the details
can be seen in Appendix E of the Supplementary mate-
rial. Based on this calculation, the fidelity F' of the re-
trieved double pulses shown in Figure 3b is calculated
under different ny and ~,/I" and plotted in Figure 3d.
It can be seen that F keeps around 100% under ar-
bitrary n, when the signal bandwidth 7, is less than
0.3I". This means that the slow light effect can simulta-
neously enhance the storage and retrieval efficiency, and
keep the fidelity nearly unit. When ~4 increase under cer-
tain ng, £ decreases, and such decrease is more signif-
icant under larger ngy. This can be explained by equa-
tion (15), in which the frequency-dependent modulation
term e?(@0Lngn1(2)/2) g=alngno(2)/2p, () gives larger am-
plitude and phase differences to different frequency com-
ponents for signal with larger bandwidth, and the influ-
ence of such modulation effect gets stronger monotonously
with larger ngy. Although this adverse effect in fidelity is
accompanying with slow light, it can be seen in Figure 3d
that ng, = 37 can still keep the fidelity above 90% even for
signal with bandwidth approaching the AFC bandwidth.

4.2 The backward retrieval scheme

As mentioned in Section 2, under two counter- propagat-
ing control pulses, light pulses can be backward retrieved.
The area of the two control pulses should be 7. Though
ideal 7 pulse is impossible to be achieved here due to the
inhomogeneous electrical field distribution in PCW, it can
be approached by adjusting the temporal width and in-
tensity of the pulses [43]. Neglecting the decoherence and
inhomogeneous broadening of the spin coherence in the
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AFC, the two control pulses can be treated as being ap-
plied simultaneously at time ¢t = Tj, defined in the Sec-
tion 4.1. At t = Ty, no backward reemission occurs and
the initial value of the backward propagating atomic co-
herence can be deduced as

o (2, To; 2) = af (2,To; 2)

= V27 fleg / dt' e~ i(To=t) g 7 (z,t).

(18)

Then, similar to equation (2), the dynamic equation of
01 (z,t; £2) can be obtained, and in similar way that equa-
tion (13) is deduced, we obtain the equation of the back-

ward propagating field in the PCW as

o_19 ar(z,1) = agn
0z wy0z) T\ T 0N
To

X /dt'ﬁ(t—t')&f(z,t')

In the backward retrieval scheme, the retrieved light back-
ward propagates and outputs from the waveguide at z = 0.
According to the method used in reference [33], the field
operator of the retrieved field is finally obtained as

A(l) Oéong 7(24")272
O)=-"5 d2n0(02)
L
X/dzle’t Qt 27‘-_27(,2\:/"!‘(340”57”1(9)2/)
0

x e=oonamo D g, (0,.02). (20)

In the backward retrieval scheme, the remitted wave
at the position of 2’ has a z’-dependent phase shift
207 Jvg+ apz'ngny (£2) and amplitude attenuation factor
of e=angno(2)z/2, Hence, backward propagating waves re-
mitted at different position have different phases and am-
plitudes. They interfere at z = 0 ?neresult in the integral
term of f dy' e 1297 [vg gomge™ /2T G equation (20).
Such interference is not completely constructive, leading
to the phase mismatching phenomenon discussed in refer-
ence [33]. Based on equation (20), we can get the photon
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flux of the retrieved pulse as

1 1 1
19(0.8) = (a7 (2, )0 (2. 1))
2
- ( ! ) e (35)"
2
x/d!?l A2 F (821, 29t) (a} (0, 21)as (0, 22))
(21a)
. N (23+02)
F(y, ) = 2= 20(=2) g (0 H (25) e 12
(21D)
e—angno(Q)Lei(*%SZ L+0‘0”g”1(9)L) -1
H(Q) = 1 - (202 9] 1
+Z(ac _nl( )) no(§2)
efangng(Q)Leiaongnl(Q)L -1
~ () (21c)
~ 'no(2)

In usual experiment of quantum memory, the signal band-
width is at most tens of GHz, and a typical value of «
is 10 cm~!. Hence, 202/ac is much smaller than 1, and
the effect of ny (£2) /ng (£2) is dominant, which means the
AFC induced dispersion is much stronger than the intrin-
sic dispersion in waveguide. Therefore, the denominator
of H (£2) is approximated into 1 — iny (£2) /ne(£2) in the
last step in equation (21c).

If the single Gaussian pulse input mentioned in Sec-
tion 4.1 is substituted into equation (21a), a simple ex-
pression of I, (0,¢) can be obtained as

(1) 1)? 2712, 2
I, (0,t) = (2%) e~ (T)°:
2

x /d(zem(t—i")H (2)a(R)

(22)

We can see that the enhancement of light-atom interac-
tion due to the slow light effect represented by n, can
increase the photon flux of retrieval pulse in an expo-
nential way, even though the reabsorption of the reemit-
ting signal is also enhanced. This effect can be explained
by the fact that the interference at z = 0 is generated
by waves with different amglitgdes, which is represented
by the term fOL dz'e=omse™ " *"2 iy equation (20). How-
ever, the phase mismatching in such interference leads to
the term in; (£2) /no(£2) in the denominator of H (£2) in
equation (21c). Since ng (£2) = e~ /2% and ny (2) =
6_92/2pzerfi(—9/\/2f), iny (£2) /no(£2) is negligible if
the signal bandwidth 7, is much smaller than AFC band-
width I" and equation (22) can be simplified into

19 (0,1) = ( 1 )26 (%)%

/ d0ei (-

h(Q) — oMy gno(2)L ’L( 2QL+O¢0ngn1(~Q)L)

In(@)a ()] (23a)

1. (23b)
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Equation (23a) is a generalization of equation (A18) in
reference [15], in which the signal bandwidth and disper-
sions are not considered. This expression shows that even
though aL is very low, we can realize a high retrieval effi-
ciency close to unit by increasing n,. However, the result
is different at all for the signal light pulse with a band-
width comparable to I', since the term inj (£2) /no({2) in
equation (21¢) cannot be neglected in this case. Similar to
equation (22), the photon flux of the retrieval pulse when
temporal multi-mode signal is input into the waveguide
can be expressed as

1, (0,1) = (;)2((2”)273

N
x>
j=1

N (24)

/dnem(t—tw—?)H(Q)a(Q)

Figure 4 shows the calculation results of the performance
of the backward retrieval scheme of the AFC-based quan-
tum memory in PCW with slow light.

In Figure 4a, the output photon flux in the backward
scheme is calculated according to equation (24), when the
input is a train of two Gaussian pulses with /27 =
3 MHz and the AFC parameters are I'/2r = 8 MHz,
A/21 = 1 MHz, and v,/27m = 0.1 MHz, respectively. It
can be seen that the normalized photon flux peak of every
single pulse in the two retrieved Gaussian pulses is lower
than 0.05, and that of every single transmitting pulse is
larger than 0.25, when n, = 2, i.e., nearly no slow light
effect exists in the waveguide. Here, the peak photon flux
of every pulse in the input two Gaussian pulses is nor-
malized to 0.5. When ng, increases to 37, it can be seen
that the peak of every single output pulse is larger than
0.3, while that of the every transmitting pulse is negligi-
ble. These results confirm that the storage and retrieval
probabilities can be improved significantly with a moder-
ate slow light effect in the waveguide, if the signal light
bandwidth is relatively small. In Figure 4b, similar cal-
culations are taken and plotted, while the signal pulses
bandwidth are changed to vs/27m = 7 MHz. When n, = 2,
it can be seen that the peak photon flux of the trans-
mitting pulse increases slightly when compared with that
in Figure 4a, which is because that the amplitude of the
transmitting pulse increases with input signal bandwidth,
as shown in Figure 2. Compared with the retrieved pulses
under ny = 2 in Figure 4a, the corresponding pulses in
Figure 4b are slightly lower, since the influence of the
term inq (£2) /no(§2) in equation (21c) gets larger when
the signal bandwidth increases. The degrade due to the
increasing signal bandwidth will be more obvious when
ng increases, since the phase mismatching effect is larger
under higher n, as shown in equation (24). Hence, it can
be seen that the peak photon flux of the output pulses
under ng, = 37 decreases to lower than 0.2 in Figure 4b.
The phase mismatching effect also leads to strong distor-
tion of the retrieved pulses from the input signal pulses,
which is more obvious in Figure 4b. It will be particularly
discussed below.
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Fig. 4. In the backward retrieval scheme, (a) the photon
fluxes I of the stored and retrieved pulses sequence when a
train of two Gaussian pulses with a bandwidth of /27 =
3 MHz is input into a waveguide with an optical depth of
apl = 0.14 and a length of L = 100 um. The black dashed
line is the photon flux I of the input signal. The red solid and
blue dashed dot lines present the normalized output photon
fluxes with ny = 37 and ngy = 2, respectively. The parameters
of the AFC structure are I'/2r = 8 MHz, A/2r = 1 MHz,
and v,/27m = 0.1 MHz. (b) The same process as (a), but with
vs/2m = 7 MHz. The line colors and styles are the same to
those in (a). (¢) The retrieval efficiency 7, of the process in
(a), versus varying s and ng. (d) The retrieval fidelity F' of
the process in (a) with increasing vs/I", when ng are 2, 27, 37,
47, 67 and 87.

To show the improvement of the slow light effect more
clearly, we calculated the retrieval efficiency 7, and showed
its dependence on ng, and v,/I" in Figures 4c. In Fig-
ure 4c, when 7,/I" is smaller than 0.3, 7, can be im-
proved to be above 90% by introducing a moderate ng
of 30~40. While ~,/I" increases, 1, under a fixed n, de-
ceases significantly, because the phase mismatching effect
gets stronger and the interference of the reemitted waves
more destructively, i.e., the term iny (£2) /ng(£2) in equa-
tion (21c) becomes larger. When 4 approaches I', for ex-
ample, v, = 0.91', even if ng, increases to 80, the retrieval
efficiency can only reach 60%. This results show that in
the backward retrieval scheme of the AFC-based quantum
memory, slow light effect can effectively increases the re-
trieval efficiency when the bandwidth of the input signal
is relatively small, however, the phase mismatching effect
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Fig. 5. In the backward retrieval scheme, (a) the retrieval
efficiency n versus 7s/I" when AFC- (solid) and MAFC-
based protocol is employed. (b) The fidelity F' versus 7s/I’
when AFC- (solid) and MAFC-based protocol is employed. In
both of (a) and (b), ny = 37 and the parameters of AFC
or AFC region in MAFC and signal are same to those in
Figure 4d.

limits such improvement in the case that the input signal
has a large bandwidth.

The fidelity F of the retrieved signal is also calculated
under different v, and ny, which is shown in Figure 4d. It
can be seen that I’ decreases with increasing v, for all the
ng since the modulation effect, i.e., the influence of the
term H (£2) in equation (24) becomes stronger for the sig-
nal with large bandwidth ~s. It is obvious that compared
with F' without slow light effect, i.e., the case with ny = 2,
F with considerable slow light effect is much lower, and
the F'—~, curves for ng = 27, 37, 47, 67 and 87 are nearly
the same with each other. It can be also explained by that
the constructive extent of the interference in retrieval pro-
cess becomes weaker with an increasing ny, which leads to
more differences on the responses for different frequency
components (2. However, it can be seen in Figure 4d that
for input signal «, smaller than I'/4, the fidelity F can
keep higher than 90%.

Figures 4c and 4d reveal that the phase mismatching
limits the improvement of retrieval efficiency and brings
fidelity falling for signal with broadband signal in slowing
light enhanced quantum memory based on backward re-
trieval AFC protocol. In reference [33], modified atomic
frequency comb (MAFC) is proposed to cancel the dis-
persion in atomic ensemble. Here, if MAFC is prepared in
PCW with low intrinsic optical depth, phase mismatch-
ing can be suppressed, and therefore the improvements on
retrieval efficiency and fidelity can be achieved simulta-
neously in the slowing light enhancement, for broadband
signal.

In Figures 5a and 5b, the retrieval efficiency and fi-
delity dependence on «y,/I" in both of normal AFC and
MAFC are calculated and plotted, respectively. The de-
tailed structure of MAFC can be seen in Appendix E
of the Supplementary material, and the calculation is
based on replacing the AFC induced dispersion term
eil@ongn1(2)2/2) by MAFC induced dispersion term. In Fig-
ure ba, for signal with bandwidth of ~s = 0.8I", slow
light with ny, = 37 can increase the retrieval efficiency
1 to larger than 90% and keep the fidelity F' above 82%
in MAFC-based protocol, while the same slow light can
only give n lower than 60% and fidelity lower than 55% in
MAFC-based protocol.
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5 Discussion on the physical implement

When PCW is introduced into quantum memory, sev-
eral special properties of PCW should be considered.
Firstly, the dispersion would distort the signal in stor-
age and retrieval processes. Hence, PCW with low dis-
persions in their slow light regime are preferred in this
scheme. In recent years, several such slow light photonic
crystal waveguide designs have been proposed and demon-
strated [38,39], which are promising in this application.
Secondly, in the quantum memory in PCW, the light cou-
pling efficiency of the slow light mode is also important
for the total retrieval efficiency. Although there might be
large mode field mismatching between the slow light mode
in PCW and the mode of output waveguide [37], various
designs on the coupling region of the slow light PCW have
been proposed and very high coupling efficiencies have
been demonstrated [44-46], which can be used to improve
the retrieval efficiency of the memory. Moreover, propaga-
tion loss in the PCW is also a crucial issue in our scheme
since large loss will reduce the storage and retrieval effi-
ciency significantly. However, thanks to the developed fab-
rication technology and special design on photonic crys-
tal, the typical loss in PCW can be easily controlled to
be lower than 100 dB/cm [47,48]. Our calculation in Sec-
tion 4 shows that a PCW length of 100 pm is long enough
to achieve strong enhancement on quantum memory, and
the propagation loss in such waveguide is acceptable.

As mentioned in the introduction, most experiments of
the AFC quantum memory are implemented in bulk crys-
tals doped by rare earth ions. Recently, some on-chip real-
izations of the AFC quantum memory have been reported
using optical waveguide structures on the doped crys-
tals [26,27]. The slow light effect could be introduced in
the waveguides on the chips of doped crystals by fabricat-
ing photonic crystal (PC) structures on them. Many works
have been done on the fabrication of PC and PC waveg-
uides on the LiNbO3 wafers [49,50], aiming at their appli-
cations in nonlinear optical devices. On the other hand,
recently the nano-beam structure with 1D PC structure
has been successfully fabricated on a Nd-doped Y2SiO5
crystal, which is another kind of crystal used as a quan-
tum interface between light and rare earth ions [51].

Slow light structures and microcavities are two im-
portant structures to enhance the on-chip interaction be-
tween light and matters. They have some differences in
enhancing the AFC-based quantum memory. Firstly, in
the scheme based on microcavities, the AFC dispersion
would narrow the linewidth of the cavity mode [31,32],
which reduces the retrieval efficiency and fidelity of the
storage of a broadband signal. While, the broadband sig-
nal can be stored and retrieved effectively in the scheme
based on PCWs with low dispersion according to the cal-
culations in Section 4, since the limitation of the resonance
linewidth does not exist. Secondly, the measurement of the
prepared AFC in the cavity is difficult due to the interac-
tion between the AFC and the cavity mode [31]. Hence,
in reference [31] the measurement is realized by destroy-
ing the cavity structure. The scheme based on slow light
PCWs does not have this problem. Moreover, as shown
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in Figure 4c, the retrieval efficiency of a narrowband sig-
nal can approach unit by slow light enhancement if the
PCW is short enough and the propagation loss is neg-
ligible. While, the efficiency would be much lower than
unit in a microcavity due to its unavoidable intrinsic
loss.

Based on the calculations in Figure 4 and above discus-
sions, we can expect a typical physical implement of our
scheme. Based on the PCW made of Pr3+:Y,SiO5 crystals,
if the AFC bandwidth is 5 MHz and a temporal multi-
mode signal with a bandwidth of 2 MHz input into the
slow light mode with n, = 37, a retrieval efficiency higher
than 50% and a fidelity larger than 90% can be achieved
in forward retrieval scheme. If backward retrieval scheme
is adopted and MAFC is designed, the retrieval efficiency
will be higher than 95% with a fidelity higher than 90%.
In recent years, several designs of slow light PCWs with
large ng, were proposed and demonstrated [38-40], show-
ing that the developed micro- and nanofabrication tech-
nology can support the realization of the PCW with a n,
of 30~40 over a sufficient bandwidth for the application
of AFC based quantum memory. Therefore, the moder-
ate ny around 37 in a broad bandwidth, utilized in the
calculation, is realizable by the current technologies.

6 Conclusions

In this paper, we propose a high efficiency AFC quantum
memory scheme based on rare earth ion doped waveguide
with slow light. Its performance was investigated theoret-
ically. Both the forward and backward retrieval schemes
of AFC based quantum memory were analyzed, by intro-
ducing the slow group velocity into the coupled evolution
equations of the atomic ensemble and the electromagnetic
field with considerable bandwidth. In the forward retrieval
scheme, a moderate slow light effect can increase the re-
trieval efficiency to a value higher than 50%, for both the
narrowband signal and the signal with a bandwidth ap-
proaching the AFC bandwidth ", while high fidelity can
be kept. In the backward retrieval scheme, a moderate ng
can increase the retrieval efficiency to be larger than 95%
and keep the fidelity higher than 90% for signal with band-
width much narrower than I'. For signal with bandwidth
approaching I', such improvement is limited by the phase
mismatching effect, which is overcome by introducing the
MAFC. The calculation results show that although the
effects of the slow light effect is quite complicated in this
AFC-based quantum memory, overall it is positive, pro-
viding a promising way to realize high efficiency on-chip
quantum memory.
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