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Abstract: Cherenkov radiation (CR) is the electromagnetic shockwaves generated by the uniform motion of
charged particles at a velocity exceeding the phase velocity of light in a given medium. In the Reststrahlen
bands of hexagonal boron nitride (hBN), hyperbolic
phonon polaritons (HPPs) are generated owing to the
coupling between mid-infrared electromagnetic waves
and strong anisotropic lattice vibrations. This study
theoretically and numerically investigates the generation of volume CR based on HPPs in hBN with super-large
wavevectors. Results reveal that CR can be generated
using free electrons with an extremely low kinetic energy
of 1 eV—two orders of magnitude lower than that
reported in extant studies. The findings of this investigation provide new insights into significantly reducing
the electron energy required for CR generation and
potentially open new research avenues in the fields of CR
and HPP.
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Cherenkov radiation (CR) refers to the electromagnetic
shockwaves generated by charged particles moving with a
uniform velocity exceeding the phase velocity of light in a
given medium [1, 2]. In 1958, for the discovery and explanation of CR, Pavel A. Cherenkov, Il´ja M. Frank, and Igor Y.
Tamm were jointly awarded the Nobel Prize in physics [3–
5]. CR has since been employed in several applications,
including particle detection [6], free-electron lasers [7],
medical imaging [8], and phototherapy [9].
Recently, many interesting phenomena of CR have
been reported by utilizing free electrons to interact with
various nanostructures and nanomaterials, such as
plasmonic structures [10, 11], two dimensional materials
[12–15], and metamaterials [16, 17]. Among these works,
CR generation using low-energy electrons, which makes
the on-chip integrated free-electron emitters available for
generation of CR with high efﬁciency, has received
increased research attention in recent years [16, 18–22].
Abajo theoretically studied the excitation of propagating
and localized plasmons of graphene with electron energy
as low as 100 eV [19]. Our group experimentally demonstrated CR generation by electrons with energies in the
range of 0.25–1.4 keV, which utilized the hyperbolic
plasmonic modes in multilayered structures [16]. Smith–
Purcell radiation (SPR), which is essentially a kind of CR
[23], can also be excited by low-energy electrons. For examples, Massuda et al. demonstrated experimentally the
1.5–6 keV excited SPR [21], and Roques–Carmes et al.
accomplished SPR generation using CMOS-compatible,
all-silicon gratings with electron energies in the range of
2–20 keV [22].
For hyperbolic metamaterials (HMMs), the electromagnetic wave with infinitely large wavevectors could be
supported [24]. Thus, no matter how small the velocity v0
(energy E) of free electrons is, the evanescent waves surrounding free electrons with wavevector ke = 2π∙f /v0 (f is
the frequency of evanescent waves and v0 is the velocity of
free electrons) [18] could be coupled into HMMs and CR
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could be generated [16, 25]. However, in practice, the
plasmonic metal/dielectric multilayered structure could
not be considered as perfect HMM with inﬁnitely large
wavevectors if its unit size does not satisfy the subwavelength condition [24]. In other words, the minimum
unit size determines the largest wavevector of electromagnetic waves propagating in the multilayered structure
[24], as well as the lowest electron velocity (energy) for
generating CR in the multilayered structure [16]. The lower
the electron energy is, the thinner layer is demanded for CR
generation. For example, utilizing free electrons with energy E = 10 eV to generate CR, each layer in Au/SiO2 multilayers must merely be several angstrom-meters thick to
satisfy the subwavelength condition, since the CR wavelength (λCR) is estimated to be only ∼3 nm at frequency
f = 600 THz (corresponding to vacuum wavelength
λ0 = 500 nm). Such Au/SiO2 multilayer structure could
hardly be realized in reality. In addition, the high metal loss
caused by strong mode conﬁnement of short λCR in multilayered HMMs [24, 26, 27] is another practical obstacle.
Namely, there is a bottleneck hindering generation of CR in
common HMMs with lower electron velocities (energies).
The above-mentioned challenges can be overcome by
replacing the plasmonic modes in multilayer structures
with hyperbolic phonon polaritons (HPPs) in hexagonal
boron nitride (hBN). Phonon polaritons, which represent
coupling modes between electromagnetic waves and lattice vibrations in polar dielectrics, were first proposed and
investigated by K. Huang in 1951 [28, 29]. HPPs within the
Reststrahlen band of hBN were ﬁrst investigated by Dai
et al. in 2014 [30], post which they have attracted increased
research interest owing to their extraordinary properties—
low damping [31], strong mode conﬁnement [32], and easy
hybridization with graphene plasmons [33, 34]. These
properties have facilitated the realization of deep subdiffraction waveguides [35], nano-imaging [36], hyperbolic
metasurfaces [37, 38], and heat transfer enhancement [39].
The bottleneck of reduction of electron velocity (energy) for
CR generation in common HMMs can be overcome in hBN,
because hBN is a natural hyperbolic material with atomiclayer thickness—a size that HMMs can hardly achieve. For
this reason, HPPs in hBN can support much larger wavevectors, and the electron energy required for CR generation
can be signiﬁcantly reduced.
This paper theoretically and numerically investigates
the generation of volume CR based on HPPs inside hBN
using free electrons of extremely low energies. The results
reveal that the free-electron energy can be greatly reduced to
1 eV. Compared with the lowest electron energy (100 eV) for
generation of volume CR inside plasmonic multilayer
structure [16] and surface CR at vacuum–hBN interface [40],

the value in this paper is about two orders of magnitude
lower. It is also found that the CR power produced
by electrons with 1-eV energy exceeds that generated
by electrons with 100-eV energy. The authors believe that
the ﬁndings of this study offer a viable method for signiﬁcant
reduction of the electron energy required for CR generation.

2 Results
Figure 1A illustrates the schematic of volume CR generation when an electron bunch passes over the hBN thin ﬁlm.
Since hBN is a naturally occurring hyperbolic material that
supports HPPs [30], CR could be excited by free electrons
with extremely low energy due to the coupling from
evanescent waves surrounding the electron bunch to the
propagating HPP waves in hBN.
For simulation of the generation of CR within hBN, the
permittivity of hBN can be obtained according to [41]
εm  ε∞, m 1 +

ω2LO,m − ω2TO,m
,
−ω2 + ω2TO,m − iωγm

(1)

where m denotes the out-of-plane direction x or in-plane
direction y/z of hBN ﬁlms. Values of parameters used in
Equation (1) are obtained from extant studies [30, 42, 43]. In
particular, values of certain parameters depend on the
phonon modes—A2u and E1u [44]. In the out-of-plane A2u
phonon mode, the frequency of the transverse optical (TO)
phonon is ωTO,x = 783 cm–1, whereas that of the longitudinal
optical (LO) phonon is ωLO,x = 828 cm−1 [42]. Likewise, in the
in-plane E1u phonon mode, corresponding values of TO
and LO frequencies are given by ωTO,y/z = 1367 cm−1 and
ωLO,y/z = 1610 cm−1, respectively [42]. Additionally, values
of the high-frequency permittivity are given by ε∞,x = 2.95
and ε∞,y/z = 4.87 [43], and damping constants are set as
γx = 4 cm−1 and γy/z = 5 cm−1 [30].
Figure 1B plots the real part of the permittivity of hBN
against frequency values in the range of 500–2000 cm−1. In
the given frequency range, there exist two Reststrahlen
bands derived from the two phonon modes A2u and E1u,
respectively. The lower- and higher-frequency Reststrahlen
bands correspond to type-I (εx < 0 and εy/z > 0) and type-II
(εx > 0 and εy/z < 0) hyperbolic regions shaded in red and
blue, respectively. In both regions, the iso-frequency surface in wavevector space corresponds to a hyperboloid,
which can be expressed as
k 2x k 2y + k 2z
+
 k 20 ,
εy/z
εx

(2)

where kx and ky/z denote the wavevectors in the out-ofplane direction x and in-plane direction y/z, respectively,
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Figure 1: (A) Schematic of volume Cherenkov radiation (CR) generation in hBN using an electron bunch; (B) Real part of hBN permittivity within
frequency range ω = 500–2000 cm−1. Shaded areas refer to type-I and type-II hyperbolic regions. Insets demonstrate iso-frequency surfaces at
ω = 800 cm−1 and ω = 1500 cm−1.

and k0 denotes the wavevector in vacuum. As observed, the
iso-frequency surface is a double-sheeted hyperboloid at
ω = 800 cm−1 and single-sheeted hyperboloid at
ω = 1500 cm−1, both of which are depicted in the inset of
Figure 1B.
When CR is excited by free electrons with energy
E = 1 eV, we assume that hBN could be treated as a perfect
hyperbolic material, namely the subwavelength condition

is satisﬁed. According to λCR  λ0 / εz + (1 − εz /εx )(c/ν0 )2
(λ0 is the wavelength in vacuum and c is the velocity of light
in vacuum) [16] and the permittivity in Figure 1B, the
wavelength of volume CR generated within hBN is
λCR ≈ 8.3 nm at ω = 1500 cm–1. Because the atomic-layer
thickness of hBN is only ThBN = 0.33 nm [45], which is
smaller than λCR/10, the above assumption is valid and

hBN can be treated as a perfect hyperbolic material for
E = 1 eV at ω = 1500 cm−1. Figure 2 depicts the hyperbolic isofrequency contours at frequencies ω = 800 cm−1 and
ω = 1500 cm−1, and the wavevector matching between
evanescent waves surrounding the low-energy electron
bunch and propagating HPP waves in hBN is also indicated. The green arrows (ke) represent the wavevectors of
evanescent waves surrounding free electrons having energy E = 1 eV. Based on the wavevector matching depicted
in Figure 2, the magnitudes and directions of CR wavevectors (kCR) can be obtained, and the directions of
Poynting vectors of CR (SCR) are also labeled.
To verify the above theoretical result, numerical simulations are performed. The simulation adopts the particlein-cell finite-difference time-domain (PIC-FDTD) method

Figure 2: Wavevectors of CR in hBN at frequencies (A) ω = 800 cm–1 and (B) ω = 1500 cm−1. Red and blue curves are iso-frequency contours for
HPP-based CR at the two frequencies, respectively. Green arrows ke represent wavevectors of evanescent waves surrounding free electrons
with energy E = 1 eV. Through wavevector matching, wavevectors of CR (kCR) in hBN can be obtained. Directions of Poynting vectors of CR (SCR)
are also labeled.
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Figure 3: (A) Schematic of simulation model; (B) CR (Ez ﬁeld component) at frequency ω = 800 cm−1 generated using electron energies E = 1000,
100, 10, and 1 eV; (C) CR (Ez ﬁeld component) generated at frequencies ω = 1450, 1500, 1550, and 1600 cm−1 with electron energy E = 1 eV; (D)
Simulated (triangles) and analytical (lines) results of CR wavelengths in hBN with electron energies varying in the range E = 1–1000 eV at
frequencies ω = 800 cm−1 (red) and ω = 1500 cm−1 (blue); (E) Simulated (circles) and analytical (lines) results of CR angles in hBN with
frequencies of ω = 1400–1600 cm−1 when electron energy E = 1 eV.

[46], instead of performing dipole array approximations
[40]. Thus, the results are more precise and particle dynamics of free electrons could be accounted for. In the
simulation, the loss of hBN is considered (see ﬁrst section
of Supplementary Material).
The schematic in Figure 3A depicts the side view (x–z
plane) of the three-dimensional simulation model
employed in this study. An electron bunch is emitted from
the cathode and passes over the hBN ﬁlm. The charge
density of the electron bunch is set to 4 × 10−5 C/m2 when E
equals 1000, 100 and 10 eV, and is reduced to 4 × 10–6 C/m2
when E = 1 eV. Because the evanescent waves surrounding
the electron bunch decay rapidly at low electron energies
[47], the size of electron–hBN gap is only set to 5 nm. The
hBN ﬁlm along y-axis is considered relatively long. The

simulated results of CR are all obtained in the x–z plane
cutting through the center of the electron bunch.
Figure 3B,C depict the simulated electric ﬁeld (Ez) of
HPP-based CR in hBN. Amplitudes of Ez are normalized
with respect to the maximum values in each case. With the
frequency ﬁxed in the type-I hyperbolic region
(ω = 800 cm−1), CR can be reliably generated in hBN at
electron-energy values of E = 1000, 100, 10, and 1 eV. It can
be seen that CR could be derived even E is decreased to an
extremely low value. When ﬁxing electron energy at
E = 1 eV, Figure 3C illustrates that CR is generated over the
entire type-II hyperbolic region (ω = 1450, 1500, 1550, and
1600 cm−1). Simulation results reveal that CR can be
generated in both type-I and type-II regions using electrons
with energy values as low as E = 1 eV, which is two orders of
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magnitude lower compared with that reported in extant
literature [16, 40]. The two-dimensional periodic patterns
in hBN result from the interference between incident and
reﬂected CR. The green arrows S and k represent the directions of Poynting vectors and wavevectors of the
generated CR, respectively.
Moreover, because the PIC-FDTD method can simulate
particle dynamics as well [46], Figure 3B,C depict acquired
trajectories of electron bunches (marked in green) above
the hBN surface. Attention should be paid to the electron
bunch expansion, especially at the electron energies E = 1
and 10 eV. The said expansion can also be observed in the
proﬁle of the evanescent ﬁeld surrounding the electrons.
During the simulation, both the charge density of electron
bunch and size of electron–hBN gap are optimized to
ensure that the evanescent ﬁeld of free electrons can be
coupled into hBN efﬁciently and that the expanded electron bunch does not strike the hBN surface.
As discussed in the introduction section, hBN is
considered as an ideal hyperbolic material because the
subwavelength condition is met for electron energy as low
as 1 eV. Moreover, we construct an hBN-equivalent multilayer HMM to study the influence of layer thickness on CR
generation and double check whether hBN with atomicthick layer could support CR excited by 1 eV-electrons or
not. Detailed model and calculations support the beginning subwavelength condition (see second section of
Supplementary Material). Thus, the nonlocality originated
from the structural periodicity [48] can be ignored in our
simulation. By the way, the thickness of hBN ﬁlm T is much
larger than the CR wavelength in simulation, so that T is not
relevant to the generation of volume CR based on HPP.
However, when the thickness T is comparable with the CR
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wavelength, the eigenmodes of HPP supported by the hBN
ﬁlm should be considered (see third section of Supplementary Material).
Analytical values of CR wavelengths λCR are calculated

using equation λCR  λ0 / εz + (1 − εz /εx )(c/ν0 )2 [16], which
indicates the distance between two adjacent equiphase
surfaces of CR. Different from CR in isotropic media, λCR
inside hBN is related not only to the velocity of electrons
but also to both the in-plane and out-of-plane permittivity
εz and εx. Figure 3D depicts the simulated (triangles) and
analytical (lines) values of λCR with the electron energy in
the range of E = 1–1000 eV, indicating that the simulated
results are consistent with their analytical counterparts.
More importantly, this veriﬁes that the lower the electron
energy is, the shorter the λCR value could be obtained.
Consequently, a super-high integration level of CR devices
can be expected.
Figure 3D,E compare the simulated and analytical results of wavelengths and angles of HPP-based CR in hBN to
conﬁrm the validity of the simulation results under the
condition of extremely low electron energies.
Radiation angles θs and θk are also key features of CR.
θs refers to the angle between the direction of electron
motion (z-axis) and that of the Poynting vector SCR,
whereas θk denotes the angle between the direction of
electron motion (z-axis) and that of the wavevector kCR.
Analytical expressions for θs and θk are described by [16]

υ0 2 1
εx
tan(θk )  εz   −
, tan(θs )  tan(θk ). (3)
εx
c
εz
As depicted by Equation (3), it is worth noting that the
directions of the Poynting vectors SCR and wavevectors kCR

Figure 4: (A) Regions with frequency ω and electron velocity v0 for CR generation in hBN. CR generation occurs in red- and blue-shaded
√
√
hyperbolic-dispersion regions with υ 0 < c/ εx as well as three gray-shaded elliptical-dispersion regions with υ 0 > c/ εx . There exists a CR
forbidden region (marked with red oblique lines) where no CR can generate; (B) Simulated power spectra of CR generated at E = 1, 10, and 100 eV
corresponding to the dotted lines in (A).
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of the volume CR in hBN are usually not parallel, which are
determined by the electron velocity and both the in-plane
and out-of-plane permittivity εz and εx. Figure 3E plots the
simulated (circles) and analytical (lines) values of θs and θk
in hBN in the frequency range of ω = 1400–1600 cm−1 at
ﬁxed electron energy E = 1 eV. The simulated values are in
good agreement with their analytical counterparts. These
results indicate that θs and θk change signiﬁcantly with
frequency. However, if the frequency is ﬁxed, θs and θk are
largely independent of the electron energy varying from
1000 to 1 eV, as indicated by green arrows for parameters S
and k in Figure 3B. This conclusion could also be obtained
easily by analyzing the wavevectors of CR in Figure 2.
Figure 4A depicts the electron-velocity requirement for
CR generation over the frequency range of 500–2000 cm−1.
As observed, CR generation occurs in the red- and blueshaded hyperbolic-dispersion regions as well as the three
gray-shaded elliptical-dispersion regions. Additionally,
there exists a forbidden region of CR shaded in red oblique
lines (ω = 828–851 cm−1), wherein the iso-frequency contour
√
is elliptical and CR generation condition (ν0 > c/ εx )
cannot be met because εx lies in the range of 0–1. Four
dotted lines indicating the electron velocities corresponding to electron energies E = 1000, 100, 10, and 1 eV go
across the red- and blue-shaded regions, thereby predicting that, for low-energy electrons, there exist two radiation
peaks over the entire frequency range.
Figure 4B depicts the simulated power spectra of CR
generated using an electron bunch with energy of 1, 10, and
100 eV, and the same charge density (8 × 10−7 C/m2) and
electron–hBN gap (5 nm). The probes are located at positions 10 × λCR (ω = 1500 cm−1) below the hBN surface. The
spectra demonstrate following properties. (1) There exist two
peaks in accordance with the aforementioned prediction. (2)
Lower electron energy produces higher-power CR, which
has been reported in extant studies [16, 20]. In the results of
this simulation, the CR power produced by the 1-eV electron
bunch is roughly an order of magnitude higher than that
produced by 100-eV electrons. (3) With reduction in electron
energies, the spectrum peaks become blue- and red-shifted
in the type-I and type-II regions, respectively [40].

3 Discussion
In this section, let us discuss the features of CR in hBN
based on HPPs, compare CR generation from different
mechanisms, and outlook the potential applications in the
future.
Firstly, it can be seen that the basic rule for generating
CR in a medium does not change, namely the electron

velocity v0 always exceeds the phase velocity of radiation,
even though the electron energy decreases to 1 eV. This can
easily be understood by comparing the wavevector ke
(ke = 2π∙f/v0 [18]) with kCR in Figure 2. It can also be seen
that the distinctive feature of CR is obvious from the equiphase surfaces shown in Figure 3B,C, while there is a large
angle between the directions of wavevector and Poynting
vector shown in Figure 3B,C,E. Although in previous works
low-energy electron excited radiation were studied theoretically and/or experimentally, such as the SPR based on
nano-gratings [21], resonant transition radiation induced
CR in photonic crystals [17], and the plasmonic radiation
with an unchanged “Kelvin” angle on graphene [12],
decreasing electron energy to such a low value has not
been reported before to our best knowledge.
Secondly, let us compare the CR inside and on the
surface of hBN film. When free electrons pass above the
hBN film, volume CR and surface CR could be excited
simultaneously. Besides the different regions they propagate in, other differences include: (1) In the propagation
plane (x–z plane) of volume CR, the permittivity of hBN is
anisotropic, and the IFC is hyperbolic as shown in Figure 2.
However, in the propagation plane (y–z plane) of surface
CR, the permittivity of hBN is isotropic, and the IFC of the
surface CR is circular; (2) For surface CR, the directions of
Poynting vectors and wavevectors are parallel (see Figures
3–5 in Ref. [40]). However, for volume CR, they are not
parallel (see Figures 2 and 3).
Thirdly, the potential applications of CR-based HPP
are anticipated. Although HPP is a promising candidate
for applying in next-generation integrated photonic devices [30], existing HPP-launching approaches have low
efﬁciency and high cost, because they rely on illuminating
metal tips of an atomic force microscope [30] or other deep
sub-diffraction nanostructures [49] using a mid-infrared
laser. Moreover, launching HPPs with extremely large
wavevectors is a major challenge for highly integrated
HPP devices. For example, when employing the metal tip
and sub-diffraction nanostructure, the largest wavevectors of HPP modes launched in hBN thin ﬁlms are kz/
k0 = 30 and kz/k0 = 28, respectively [30, 49]. Likewise,
using the metal-tip launching approach in boron nitride
nanotubes reveals the largest kz/k0 = 70 [35]. Results obtained in this study reveal that when employing a Cherenkov launching approach in hBN thin ﬁlms, the
wavevectors can be continuously tuned with the largest
value of kz/k0 = 500 (because kz = ke = 2π∙f/v0 [18] and
v1eV = c/500). In addition, the Cherenkov launching
approach only using a low-energy free-electron source
eliminates the needs for deep sub-diffraction nanostructures and mid-infrared lasers, which is highly cost-
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effective. Besides the above application in integrated
optical circuits, some applications can also be anticipated
based on CR in mid-infrared. For examples, an integrated
mid-infrared radiation source can be realized by extracting the radiation out from hBN, and as described by [36],
the HPP-based CR in hBN can be used for on-chip nearﬁeld nano-imaging and infrared spectrometers.
Another interesting application concerns the attainment of a solid-state free-electron radiation source that is
highly desired by scientists [50–54]. However, insufﬁcient
mobility of electrons and relatively strong thermal radiation are major obstacles in the realization of the said radiation sources [50, 55]. Based on the mechanism of CR
generation in hBN ﬁlms using extremely low-energy electrons, a hetero-structured hBN–graphene–hBN device
might facilitate realization of the solid-state free-electron
radiation source. Graphene provides quasi-free electrons
with velocities of the order of the Fermi velocity vF = c/300
(corresponding to free electrons with energy E = 3 eV) [56].
The two layers of hBN thin ﬁlms serve as (1) an HPP-based
CR-generation medium similar to that described in this
paper, (2) encapsulating layers for improving the mobility
of quasi-free graphene electrons [57], and (3) a pathway for
transferring the heat generated in graphene to suppress
thermal radiations [39]. By combining the advantages
afforded by relatively high electron velocities in graphene
[56] and extremely low electron velocity (energy) needed
for CR generation in hBN, the desired result might be
realized in the foreseeable future.

4 Conclusions
This study proposes a method for generating volume HPPbased CR in hBN using extremely low-energy free electrons. Owing to the small atomic-layer thickness and low
optical damping, HPPs in hBN are superior to the plasmonic modes in HMMs. Analytical and numerical-simulation results obtained in this study reveal that the freeelectron energy required for CR generation in hBN can be
reduced to 1 eV in both type-I and type-II hyperbolic regions. Additionally, simulation results demonstrate that
the CR power generated by electrons having 1-eV energy
exceeds that generated by electrons having 100-eV energy.
Another noteworthy indication is that HPPs over a
considerably large range of wavevectors can be costeffectively launched using the proposed free-electron
excitation approach. By combining the approach with the
high electron velocity of graphene, a new paradigm of
solid-state free-electron radiation source might be realized
in the near future. The authors believe that the findings of
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this study can potentially open new research avenues for
CR and HPP applications.
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