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Abstract We exhibit the monogamy relation between two entropic non-contextuality inequalities in the scenario where
compatible projectors are orthogonal. We show the monogamy relation can be exhibited by decomposing the orthogonality graph into perfect induced subgraphs. Then we find two entropic non-contextuality inequalities are monogamous
while the KCBS-type non-contextuality inequalities are not if the orthogonality graphs of the observable sets are two
odd cycles with two shared vertices.
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The quantum theory shows the property of contextuality, which conﬂicts with the noncontextual hidden variable (NCHV) theory.[1] The non-contextuality inequalities
are derived from the noncontextual hidden variable theory, such as the KCBS inequality[2] and state-independent
contextuality inequalities.[3] The quantum bounds of these
non-contextuality inequalities are diﬀerent from the noncontextual hidden variable bounds. The local hidden variable theory is a special type of noncontextual hidden variable theory. Hence, the Bell inequality such as the CHSH
inequality can be also treated as a non-contextuality
inequality.[4] The contextuality of quantum theory can be
demonstrated by the experimental observations of the violations of the non-contextuality inequalities.[5−9]
Entropic test is a way to investigate the quantum
contextuality.[10−11] The conditional entropy H(A|B) is
∑
P (A = a, B = b)log2 P (A = a|B = b).[12] In the ina,b

formation theory, it denotes the information to describe
the outcomes of the observable A while the outcomes of
the observable B are given. The entropic test can be utilized in investigating on the marginal problems.[13] The
entropic non-contextuality inequality is formulated in the
noncontextual hidden variable theory[10−11] by the chain
rule.[12] A number of entropic inequalities deﬁnes the convex Shannon cone.[14] They also can distinguish diﬀerent
causal structures.[15]
The monogamy relation is a trade-oﬀ between the violations of two non-contextuality inequalities.[16−17] The
violation of one inequality forbids the violation of the
other. This relation is originated from the no-signaling
principle and the no-disturbance principle.[16−17] The
monogamy relations between two Bell inequalities,[16] a
∗ Supported

Bell inequality and a KCBS inequality,[18] and two KCBS
inequalities,[17] have been demonstrated. It is utilized
in the investigations such as the security of quantum
key distribution[19] and the local realism of macroscopic
correlations.[20] The monogamy relation of the entropic inequalities can be interpreted as a classical quantiﬁcation
of causal inﬂuence.[21]
The monogamy relation between non-contextuality inequalities can be investigated by the graph theory.[17] In
Refs. [17] and [18], the monogamy relation is exhibited
by decomposing the compatibility graph into chordal subgraphs. A chordal graph is a graph without any induced
cycle, which has vertices more than three vertices. If
the compatibility relations among observables satisfy a
chordal compatibility graph, it admits a noncontextual
hidden variable model.[17] It has a joint probability distribution, which recovers all joint measurable probabilities as
marginal. Hence, the monogamy relation can be exhibited
if the compatibility graph can be decomposed into chordal
∑
subgraphs {Gs } and s α(Gs ) = R1 + R2 , where R1 and
R2 are the NCHV bounds of the two non-contextuality
inequalities.[17]
In this Letter, we investigate the monogamy relation
between two entropic non-contextuality inequalities in the
scenario where compatible projectors are orthogonal.
Let us consider widely used local scenarios, in which
there is a system with a set of two-value observables
{A1 , . . . , An }. The outcome of each observable Ai is ai ,
ai ∈{1, −1}. Two compatible observables Ai and Aj have
orthogonal projectors Πi and Πj . Ai and Aj can be represented as Ai = 2Πi − 1 and Aj = 2Πj − 1 (the rank of the
projectors is arbitrary positive integer). In this scenario,
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the outcomes of Ai and Aj can not be 1 simultaneously.
P (Ai = 1, Aj = 1) = 0 .

(1)

This scenario is originated from the Kochen–Specker scenario and includes most local scenario.[1−3,10−11,17,24−26]
In this scenario, any probability of a joint measurable
observable set P (Aj1 = aj1 , . . . , Ajm = ajm ) can be represented as a linear combination of the probabilities of single
measurement P (Ajk = ajk ). For example,
P (Ai = 1, Aj = −1) = P (Ai = 1) − P (Ai = 1, Aj = 1)
= P (Ai = 1) ,
and
⟨Ai Aj ⟩ = P (Ai = 1, Aj = 1) − P (Ai = −1, Aj = 1)
− P (Ai = 1, Aj = −1) + P (Ai = −1, Aj = −1)
= 1 − 2P (Ai = 1) − 2P (Aj = 1) ,
where Ai and Aj are compatible.
The exclusivity graph shows the exclusive relations
among the events.[24−25,30−31] The exclusivity events correspond to orthogonal projectors while compatible observables correspond to more general compatible operators. The compatibility graph shows the compatible relations among the observables.[11,17−18] To investigate the
non-contextualtiy inequalities in the scenario satisfying
Eq. (1), the orthogonality graph is suitable. Each vertex
represents P (Ai = 1) and each edge indicates the orthogonality relation between two events of vertices it links.
The topological structure of the orthogonality graph in
this scenario is as same as that of the compatibility graph.
The exclusivity graph of an observable set is reduced to
the orthogonality graph in this scenario. For example, as
the equations before, the vertices P (Ai = 1, Aj = −1) and
P (Ai = 1, Ak = −1) in the exclusivity graph are merged
into one vertex P (Ai = 1) in the orthogonality graph and
the vertex P (Ai = 1, Aj = 1) of the exclusivity graph can
be omitted.
From the graph theory, the noncontextual hidden variable bound of a KCBS-type non-contextuality inequalities (the non-contextuality inequality where the left part
is the sum of probabilities of measurement events[17] ) is
the independence number α(G),[25,27] which is the vertex
number of the largest independent set.[27−28] The quantum bound of a KCBS-type non-contextuality inequality
is the Lovász number ϑ(G).[25,27] The set of the probabilities of the observables in the noncontextual hidden variable theory is the vertex packing polytope VP(G)[25,27]
The set of the probabilities of the observables in the
quantum mechanics is the Grötschel–Lovász–Schrijver set
TH(G).[25,27] TH(G) = VP(G) holds if and only if the
orthogonality graph G is perfect.[25,27] Hence, the quantum and the noncontextual hidden variable bound of an
inequality correspond to a perfect orthogonality graph are
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the same in this scenario. It can be utilized to exhibit the
monogamy relation.
Result 1 In the scenario satisfying Eq. (1)
(i) Two KCBS-type non-contextuality inequalities can
exhibit the monogamy relation if the orthogonality graph
of two KCBS-type non-contextuality inequalities can be
decomposed into perfect subgraphs such that the sum of
independence numbers of these subgraphs is equal to the
sum of the NCHV bounds of two non-contextuality inequalities.
(ii) The method in Eq. (1) is equivalent to the method
in Ref. [17] which is exhibited by decomposing the orthogonality graph into chordal subgraphs while the sum
of independence numbers of these subgraphs is equal to
the sum of the NCHV bounds of two non-contextuality
inequalities.
Proof
(i) In the scenario satisfying Eq. (1), G1 and G2 represent the orthogonality graphs of two KCBS-type noncontextuality inequalities. Their perfect subgraphs are denoted by {Gs }. The sum of independence numbers α(Gs )
of these subgraphs is equal to the sum of the independence numbers α(G1 )(α(G2 )) of the original orthogonality
graphs. The monogamy relation can be exhibited.
∑
∑
∑∑
P (Ai = 1) +
P (Ai = 1) =
P (Ai = 1)
i∈G1

i∈G2

s i∈Gs

∑
QT ∑
6
ϑ(Gs ) =
α(Gs ) = α(G1 ) + α(G2 ) .
s

s

(ii) Comparing with the result in Ref. [17], we ﬁnd the
exhibition of monogamy relation between KCBS-type inequalities by decomposing into chordal subgraphs is equivalent to that by decomposing into perfect subgraphs.
(a) Chordal decomposition ⇒ Perfect decomposition.
Since the chordal graph does not have any cycle as its
induced subgraph, it does not have any odd cycle or odd
cycle’s complement as its induced subgraph. Hence, it is a
perfect graph.[28] If the monogamy relation can be exhibited by decomposing the orthogonality graph into chordal
subgraphs, this exhibition also can be treated as a result of
decomposing the original orthogonality graph into perfect
subgraphs.
(b) Prefect decomposition ⇒ Chordal decomposition.
If the monogamy relation between two KCBS-type
non-contextuality inequalities can be exhibited by decomposing the corresponding orthogonality graph into perfect
∑
subgraphs {Gs }, there is
s α(Gs ) = R1 + R2 . Since
{Gs } are perfect, α(Gs ) = χ̄(Gs ), where χ̄(Gs ) denotes
the clique cover number which is the minimum number
of cliques needed to cover graph.[27−28] Hence, each subgraph Gs can be decomposed into cliques {Gs,t } with the
number of χ̄(Gs ). The sum of the noncontextual hidden
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variable bounds of these clique subgraphs is:
∑
∑
∑
α(Gs,t ) =
1=
χ̄(Gs )
s,t

s,t

=

∑

s

α(Gs ) = R1 + R2 .

(2)

s

According to the equation above, the monogamy relation
can be exhibited by decomposing the orthogonality graph
into cliques, which are chordal.

For the monogamy relation between entropic noncontextuality inequalities, the exhibition method is diﬀerent since the inequalities are based on cycles in the orthogonality graphs. With the chain rule H(A|C)≤H(A|B) +
H(B|C), the entropic non-contextuality inequality is derived as:
n−1
∑

−

H(Ai |Ai+1 ) + H(A1 |An )≤0 .

(3)

i=1

Fig. 1

i=1
n
∑

P (Ai = 1)≤α(Cn ) ,

(4a)

P (A′i = 1)≤α(Cn ) .

(4b)

i=1

(ii) Two entropic non-contextuality inequalities shown
in Eqs. (5) are monogamous. (two positive terms appear
of Eqs. (5) must appear in diﬀerent even cyclic induced
subgraphs.)
−

n−1
∑

H(Ai |Ai+1 ) + H(A1 |An )≤0 ,

(5a)

H(A′i |A′i+1 ) + H(A′1 |A′n )≤0 ,

(5b)

i=1

−

n−1
∑

The orthogonality graph of the observable set
{A1 , . . . , An } is a cycle. Equation (3) is violated while
its left part can be equal to 0.091(bit) in quantum theory
when n = 5.[11] The reason is the observable set lacks the
joint probability distribution.[22]
Since even cycles are perfect but odd cycles are not,
in the scenario satisfying Eq. (1), the observable set correspond to orthogonality graph has the joint probability
distribution. Considering the bounds of entropic noncontextuality inequalities in the noncontextual hidden
variable theory are always zero, the veriﬁcation of Eq. (2)
is not required.
Result 2 In the scenario satisfying Eq. (1), the orthogonality graphs of two observable sets {A1 , . . ., An } and
{A′1 , . . ., A′n } (n≥5) are two odd cycles Cn with two
shared vertices A1 = A′1 and An+2−m = A′m (2≤m≤n)
as shown in Fig. 1(a).

The orthogonality graph of two odd cycles with two shared vertexes.

(i) Two KCBS-type non-contextuality inequalities
shown in Eqs. (4) are not monogamous.
n
∑

Vol. 67

i=1

where H denotes the conditional entropy.
Proof
(i) There exists a state |φ⟩ and an observable set
{A1 , . . ., An }, Ai = 2|vi ⟩⟨vi | − 1, satisfying the orthogo-

nality graph in Fig. 1 and
n
n
∑
∑
P (Ai = 1) =
|⟨vi |φ⟩|2 > α(Cn )
i=1

i=1

leading the violation of Eq. (4a).[28]
Since the dimension of the space S1 spanned by
{|φ⟩, |v1 ⟩, |v2 ⟩, . . . , |vn ⟩} is ﬁnite, one can ﬁnd a new
n-dimensional space S2 which is orthogonal to S1 .
{|u1 ⟩, . . . , |un ⟩} are the complete orthogonal basis of the ’
space S2 . They satisfy that:
⟨ui |φ⟩ = 0,

⟨ui |vj ⟩ = 0,
{A′i }

⟨ui |uj ⟩ = δij .

One can construct
as
= 2|vi′ ⟩⟨vi′ | − 1 (i ̸= 1 and
′
i̸=n+2−m). |vn+2−i
⟩ = cos κ|vi√
⟩+sin κ|ui ⟩ while the pa∑n
rameter κ satisﬁes 0<κ< arccos α(Cn )/ i=1 |⟨vi |φ⟩|2 .
The orthogonality relations among {A′i } satisfy the cycle Cn . Equation (5) is violated, since
n
n
n
∑
∑
∑
P (A′i = 1) =
|⟨vi′ |φ⟩|2 >
cos2 κ|⟨vi |φ⟩|2 >α(Cn ) .
i=1

i=1

A′i

i=1

As a result, Eqs. (5) can be violated simultaneously under
the state |φ⟩ and two observable sets {A1 , . . . , An } and
{A′1 , . . . , A′n } satisfying the orthogonality graph shown in
Fig. 1(a).
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(ii)
{A1 , A2 , . . . , An+1−m , An+2−m , A′m+1 , . . . , A′n }
constructs an even cycle C2n−2m+2 in Fig. 1(b).
{A1 , A′2 , . . . , A′m−1 , An+2−m , An+3−m , . . . , An } constructs
another even cycle C2m−2 in Fig. 1(c). They are all perfect
graphs.[28] Both of the observable sets have joint probability distributions. Hence, both of their entropic noncontextuality inequalities shown in the following equations
are not violated.[10−11]
H(A1 |A′n ) − H(A1 |A2 ) − · · · − H(An+1−m |An+2−m )
1
|v1 ⟩ = √
2 sin ((2/5)π)

[√
cos
[√

(π )
5
(π )
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−H(An+2−m |A′m+1 ) − · · · − H(A′n−1 |A′n ) ≤ 0 , (6a)
H(A1 |An ) − H(A1 |A′2 ) − · · · − H(A′m−1 |An+2−m )
−H(An+2−m |An+3−m ) − · · · − H(An−1 |An ) ≤ 0 .(6b)
The sum of Eqs. (6) indicates the monogamy relation between Eq. (5a) and Eq. (5b).

Here we show an example of Result 2. The state vector is |ψ⟩ = [1, 0, 0, 0, 0] and the observables are Ai =
2|vi ⟩⟨vi | − 1, where

]
, 1, 0, 0, 0 ,

]
(2 )
(2 )
π , sin
π , 0, 0 ,
5
5
5
[√
]
(
)
(
)
(
1
π
4
4 )
|v3 ⟩ = √
cos
, cos
π , sin
π , 0, 0 ,
5
5
5
2 sin ((2/5)π)
[√
]
(π )
(6 )
(6 )
1
|v4 ⟩ = √
cos
, cos
π , sin
π , 0, 0 ,
5
5
5
2 sin ((2/5)π)
[√
]
(
)
(
)
(
1
π
8
8 )
|v5 ⟩ = √
cos
, cos
π , sin
π , 0, 0 ,
5
5
5
2 sin ((2/5)π)
√
√
[
[
]
]
|v2′ ⟩ = 0.99|v5 ⟩ + 0, 0, 0, 1 − 0.992 , 0 , |v4′ ⟩ = 0.99|v3 ⟩ + 0, 0, 0, 1 − 0.992 , 0 ,
√
[
]
|v5′ ⟩ = 0.99|v2 ⟩ + 0, 0, 0, 0, 1 − 0.992 .
|v2 ⟩ = √

1
2 sin ((2/5)π)

cos

, cos

The observables satisfy the orthogonality graph of two pentagons with two shared vertices. Equations (4) are violated
simultaneously while Eqs. (5) are monogamous.
5
∑

P (Ai = 1) = |⟨ψ|vi ⟩|2 = 2.236 ≥ α(C5 ),

i=1

−

4
∑

5
∑

P (A′i = 1) = |⟨ψ|vi ⟩|2 = 2.223 ≥ α(C5 ) ,

i=1

H(Ai |Ai+1 ) + H(A1 |A5 ) = −1.167 bit ≤ 0,

i=1

We investigate the monogamy relation between two entropic non-contextuality inequalities in the scenario satisfying Eq. (1). We show the monogamy relation can be
exhibited by decomposing the orthogonality graph into
perfect subgraphs. We compare two methods to exhibit
the monogamy relation between two non-contextuality inequalities in this scenario, which are based on the decompositions of the corresponding orthogonality graph into
perfect subgraphs and chordal subgraphs, respectively.
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