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Experimental device-independent tests of classical and quantum entropy
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In quantum information processing, it is important to witness the entropy of the message in the device-
independent way which was proposed recently [R. Chaves, J. B. Brask, and N. Brunner, Phys. Rev. Lett. 115,
110501 (2015)]. In this paper, we theoretically obtain the minimal quantum entropy for three widely used
linear dimension witnesses, which is considered “a difficult question.” Then we experimentally test the classical
and quantum entropy in a device-independent manner. The experimental results agree well with the theoretical
analysis, demonstrating that entropy is needed in quantum systems that is lower than the entropy needed in
classical systems with the given value of the dimension witness.
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I. INTRODUCTION

Device-independent quantum information processing is
attractive and developing rapidly. It is independent of the
internal working of the devices used in the implementation,
based on the observed data without any reference on the states
and measurements [1]. The influence of the imperfection of
practical devices will be eliminated.

Tests of resources in quantum information are also proposed
in a device-independent manner, in which the source and the
detector in the prepare-and-measure scenario are regarded as
“black boxes.” For example, entanglement is a basic resource
in quantum communication and quantum computation [2].
Tests of the entanglement in a device-independent manner
have been theoretically analyzed [3-5] and experimentally
demonstrated [6]. Dimension is another important resource
for the system used in quantum information processing [7]. It
can also be tested in a device-independent way [8—10] and has
been demonstrated experimentally [11-14].

Entropy is an important fundamental resource which reveals
the amount of information in communication tasks [15,16].
Device-independent tests of entropy were proposed recently
[17]. These are realized by constructing two entropy witnesses.
The first one is based on causal inference networks [18], in
which the facets of the entropic cone can be characterized
[19-21] by associating a directed acyclic graph. This is a
general method and valid for systems with arbitrary finite
dimensions. However, it has an important drawback in that
it cannot discriminate the classical case from the quantum
case, since the lower bounds of the classical and quantum
entropy calculated in this way are the same. The other way
is based on convex optimization techniques, which can reveal
the difference between the classical entropy and the quantum
entropy [17]. Utilizing the value of the dimension witness,
the minimal classical entropy can be explicitly derived. An
upper bound of the minimal quantum entropy can also be
obtained using four-dimensional systems. Whether it is exactly
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the minimal quantum entropy has not been investigated, since
it is not clear whether higher-dimensional systems can be used
to reduce the quantum entropy.

In this article, we theoretically investigate the minimal
quantum entropy in systems with arbitrary dimension for
any linear dimension witness, showing that it cannot be
reduced by using higher-dimensional systems and that it
is lower than the minimal classical entropy with the given
value of the dimension witness. The classical entropy and
the quantum entropy are tested experimentally, demonstrating
their significant difference.

II. SCENARIO

The prepare-and-measure scenario we consider is illus-
trated in Fig. 1. The state preparator with n buttons is shown
by the left box. When button x € {1, ...,n} is pressed, it
emits a message M in the classical case or a state p, in the
quantum case. The right box is the measurement device with
[ buttons. When button y € {1, ...,l} is pressed, it performs
a measurement M, on the input state, delivering the outcome
b € {—1,41}. P(b|x,y) represents the probability for yielding
the result b when the measurement M, is taken on the
state p,. The expectation value of the measurement result is
E., = P(+1|x,y) — P(—1|x,y).

The buttons x and y are pressed upon the observers’
request while the probability distributions of P(x)and P(y) are
uniform and independent, i.e., P(x) = 1/n and P(y) = 1/L.
In the case of a d-dimensional classical system, it obeys deter-
ministic strategies labeled by A in the spirit of the ontological
model [22]. Hence, E,y =), >, E(y.m,A)P(m|x,A)q;,
where ¢, is the probability of the strategy A, >, g =1,
P(m|x,)) € {0,1},and E(y,m,A) € {—1,41}. The probability
distribution of the message is p, =Y, Y, P(m|x, g /n,
where m € {0, ...,d — 1}. The Shannon entropy of the aver-
agemessage Mis H(M) = — an_:lo Pm log, p,. Inthe case of
a d-dimensional quantum system, E,, = tr(p,M,), where the
state o, and the measurement M, acton C?. The von Neumann
entropy of the average emitted state is S(p) = — tr(p log, p),
where p = ) p./n.
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FIG. 1. Prepare-and-measure scenario.

III. THEORETICAL ANALYSIS

To investigate the gap between the minimal classical and
quantum entropies, we propose and prove the following
theorem to obtain the minimal quantum entropy with the given
values of a linear dimension witness, w,:

n

1
Wq = Qxy tr(pXMy)‘ (1)
2.2

x=1 y=1

Specifically, there are three widely used linear dimension
witnesses, I3, 14, and R4 [8,10]:

I3 = Ey + Epp+ Ey — Ey — E3, (2)

ILi=En+Ep+E3+ Ey+Ep
— Ex3 + E31 — E3p — Eyy, 3

Ry =E\+Ep+ Ey — Exp — E31 + Ezp — E41 — Eg.
4

Theorem. Given the value of a linear dimension witness,
p— Zi:l Oy tr(py My) = wy, the minimum value of S(p),
where p = (p; + - - - + p,)/n, can be obtained when p(1 <
k < n) are all rank-1 and in C”.

Proof. See Appendix A. ]

According to the theorem, we only need to consider the
rank-1 states p, in an n-dimensional Hilbert space, which can
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be expressed as o, = |V, ) (¥ |, where
Y1) = (1,0, ...,0),

[Y2) = (cos By 1,e' " sinb) 1,0, ...),
|Y3) = (cos Qz,l,ei“’z" sinf, 1 cos 6,2,

' sin 92’1 sin 92,2, . .),

n—1
[V,) = <cos Op1.1s ... €01 ]_[ sin 9,,_1,,(>. (5)
k=1

Since the eigenvalue of the measurement M, is 41 or —1, the
dimension witness has an upper bound of

n l l
wa =Y Y antlpM) <D Y hul,  (6)

x=1 y=1 y=1 &k

where {A,} are the eigenvalues of p» and p® =
n L ! . .
> _y txyPx. The minimal quantum entropies with the given

value of Zly=1 > i |Ayk| are obtained for the cases of I3, s,
and R4 numerically using fmincon in MATLAB. The calculation
results show that the minimal quantum entropy is a monotone
increasing function of Zly=1 > i |Ay|. Due to Eq. (6), this
function also expresses the relation between the minimal
quantum entropy and the given value of the dimension witness.
Itisindicated by the blue curves in Figs. 2(a)-2(c). On the other
hand, the minimal classical entropy with given values of the
dimension witnesses I3, 14, and R4 are shown explicitly in
Ref. [17]. They are calculated and indicated by the red curves
in Figs. 2(a)-2(c), respectively.

The differences between the minimal quantum and classical
entropies are indicated by the green curves in Figs. 2(d)-2(f),
which show that the minimal quantum entropy is lower than
the minimal classical entropy with the given value of the
dimension witness. The maximum differences are presented in
Table I. The details about the states p,, the measurements M,
the deterministic expectation values E,(,ﬁ)y, the deterministic

probability distribution P}, and the probability of strategy
g, to realize the maximum differences for the dimension

witnesses are shown in Appendix B.
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FIG. 2. The minimal classical (red) and quantum (blue) entropies with the given values of different dimension witnesses. Panels (a), (b),
and (c) are the results for the dimension witnesses I3, 14, and Ry4. Panels (d), (e), and (f) are the differences between the minimal classical and
quantum entropies for each dimension witness. The unit of the longitudinal coordinates in all figures is bit.
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TABLE I. Maximum differences between minimal quantum and
classical entropies for /3, 14, and Ry.

H(M)(bit) S(p)(bit) H(M) — S(p)(bit)
I; =3.622 1.334 0.897 0.437
I, =5.760 1.223 0.829 0.394
Ry =5.211 1.356 0.888 0.468

IV. EXPERIMENTAL TESTS

We encode the information on polarizations of photon pairs
[23-26] generated by the spontaneous four-wave-mixing in a
piece of optical fiber [27-29], by which the three-dimensional
system for the test of /3 and the four-dimensional system for
the tests of 14 and Ry are realized. The setup is shown in Fig. 3.

The state preparator in Fig. 3 emits the photon
pairs with information encoded on their polarizations.
The four basis states (denoted by {|0),]|1),|2),|3)}) are
(V)G V)i H) V)i H) S| H); V)| H);), where s and i stand
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state is prepared by rotating the angles of the quarter-wave
plate and two half-wave plates in the preparator, which are
denoted by ¢, h{"’, and 1" The state of the photon pair can
be expressed as

1
1Y) = E[COS (2¢ — 20P) — i cos 2hP] cos 2k |0)
1
+ E[sin (24P — 20P") — i sin 21 ] cos 2h”|1)
1
+ 5lsin (207 = 202) — i sin 20 ] sin 26712)
1

+ —[cos (2g'P — 20PY — i cos 2hP ] sin 2P |3).
\/5 ds N s i

(7

It is used as a four-dimensional system for cases of I, and Ry.
For the case of I3, only the first three terms are used.
For the classical case, each state is prepared to be one of

the basis states {|0), |1), |2), or |3)}, which is perfectly distin-
guishable. For different strategies, different g, are realized by

for the signal photon and the idler photon, and H and V stand
for the horizontal and vertical polarization directions. Each
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FIG. 3. The experimental setup. The left part is the state preparator. The linearly polarized pulsed pump light is generated by a passive
mode-locked fiber laser with a repetitive rate of 40 MHz. Its linewidth is narrowed to 132 GHz by an optical filter (DWDM-1) with a central
wavelength of 1552.52 nm. Then it is amplified by an erbium-doped fiber amplifier (EDFA). The noise produced by the EDFA is suppressed
by another optical filter (DWDM-2). The correlated photon pairs are generated in a piece of dispersion-shifted fiber (DSF) with a length of
250 m. It is placed in a cryostat with the superconducting nanowire single-photon detectors (SNSPDs) used in this experiment and is cooled
to 2.2 K to suppress the noise photons generated by the spontaneous Raman scattering. The signal and idler photons are selected and routed
to two paths by the third optical filter (DWDM-3). Both of them have a linewidth of 63 GHz. Two polarization controllers (PC-1 and PC-2)
and two polarization beam splitters (PBS-1 and PBS-2) are used to collimate the polarization of the signal and idler photons to the vertical
direction. Then, the photons are coupled to free-space by two collimators (Col-1 and Col-2). The quarter-wave plate (QWP-¢*’) and half-wave
plates (HWP-A(” and HWP—hf.p ) are used to encode the information on the state of the photon pairs. The right part is the measurement device.
The input photons pass through two half-wave plates (HWP-A" and HWP-hEm)) and two quarter-wave plates (QWP-g™ and QWP-q,.(m)),
and then they are directed to four ports (a, b, ¢, and d) by two polarization beam splitters (PBS-3 and PBS-4). These components are used to
realize the projection measurement of the biphoton states. Four collimators (Col-3 to Col-6) are used to couple the photons back to the fiber
from different ports. The signal and idler photons from two specific ports are selected to be detected by two SNSPDs (fabricated by SIMIT,
China). Their efficiencies and dark counts are about 40% and 80 Hz, respectively. Before the single-photon detection, two additional optical
filters (DWDM-4 and DWDM-5) are used to filter out the noise and two polarization controllers (PC-3 and PC-4) are used to collimate the
polarizations of the photons since the efficiencies of the SNSPDs are polarization dependent. The detection events of the SNSPDs are recorded
by a time-correlated single-photon counting module (TCSPC, PicoQuant, PicoHarp 400).
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FIG. 4. The experimental results of the state p and the message M for I3, I4, and Ry. (a) Real part of p for I3, (b) Imaginary part of p for I3,
(c) Distribution of M for I3, (d) Results for I, (e) Real part of p for I,, (f) Imaginary part of p for I, (g) Distribution of M for I, (h) Results
for I, (i) Real part of p for Ry, (j) Imaginary part of p for Ry, (k) Distribution of M for R4, and (1) Results for Ry.

different measurement time durations of corresponding states.
The rotation angles of ¢\”, A", and h;p ) for cases of I, Iy,
and R4 are shown in Appendix C.

The right part of Fig. 3 is the measurement device, which
realizes the projection measurements of the state, by which
the dimension witness and entropy for quantum and classical
cases can be measured. The coincidence count of the two
detectors is denoted by D, ; if the photons from port a and b

J

lmy) = %[COS (Zq(’") - 2h§"’)) +icos 2h§”’)][cos (Zqi(m)

x [cos (2¢" — 2h{"™) + i cos 2h{"]11) + L[ sin (2¢"™ —

+ 1 cos (2¢"™ — 21™) + i cos 2h™][ sin (24"

For the case of I3, only the first three terms are used.

For the measurement of the quantum entropy witness, the
states are reconstructed by quantum state tomography [24-26]
which is realized by the detection events D, ;, under different
projection states. The details about the rotation angles of 2™,
g™, h'™, and ¢ for the quantum dimension witness and
entropy are shown in Appendix C. For the classical dimension
witness and entropy, the angles of A, ¢, h™ and ¢"™
are all set to 0°. The measurement settings are reduced to
an arrangement in which each coincidence count indicates a
specific basis state, i.e., |0)— D, p, |1)— D p, |2)— D, 4, and
13)=> D

In the experiment, both the signal and idler photon count
rates are about 19 kHz. The coincidence count rate is about

2h"™) + i cos 21" ]|0) +

are detected simultaneously. Similarly, D, 4, D 5, and D, 4 are
the coincidence counts of the photons from the corresponding
ports. For the quantum dimension witness, P(—1|x,y) is
obtained by D, ;, and P(41]|x,y) is obtained by D, 4, D, p,
and D, 4. The projection state |m,) is produced by rotating
angles of two quarter-wave plates and two half-wave plates in
the measurement device, which are denoted by g™, g™, h™,

and hgm), respectively. |m,) can be expressed as

Hsin 20/

2h™) + i sin 25 [ sin (2" —

—2h™) + i sin 21"
2n™) + i sin2A"]|2)

—20™) + i sin2A\"™]|3). (8)

(

900s~!. The generation rate of the photon pairs is a little
less than 0.01/pulse and the coincidence and accidence ratio
(CAR) is higher than 100. Both the collection efficiencies of
the signal and idler photons are about 5%, including the optical
losses and the detector efficiencies. The time window of the
coincidence counting is 300 ps. For the quantum case, each
counting time of an event E, is 30 s. For the classical case, the
total counting time of each event E,, is 30 s, and the counting
time for each strategy A is g, x 30 s.

The experimental results are shown in Fig. 4. Figures 4(a)
and 4(b) are the real and imaginary parts of the density
matrix p for the case of I3, which is reconstructed by the
measurement of quantum state tomography. Figure 4(c) is
the measured distribution of message M for the case of Is.
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The quantum entropy S(p) and the classical entropy H(M)
are calculated according to Figs. 4(a), 4(b), and 4(c) and
shown in Fig. 4(d), with the experimental results of quantum

and classical dimension witnesses (wflq) and wfic)) for the
(@)

case of I3. The theoretical values of S(p), H(M), w,", and
wg) are also listed in Fig. 4(d) for comparison. For the
cases of Iy and R4, the corresponding results are shown in
Figs. 4(e)—4(h) and Figs. 4(i)—4(1), respectively. The unideal
factors in the experiment are analyzed. The errors of the
experiment results are calculated and shown in Figs. 4(d), 4(h),
and 4(1), considering the error sources of the limited angle
precision of the polarization components, the imperfection
of the polarization splitting, and the propagated Poissonian
counting statistics of the detection events. It can be seen
that the experimental results agree well with the theoretical
expectations, showing that the minimal quantum entropy is
lower than the minimal classical entropy with the given values
of the dimension witnesses in all the cases.

V. DISCUSSION

In the theoretical analysis we have proved that the use of
a system with a dimension higher than n is not helpful to
reduce the minimal quantum entropy with the given values
of the linear dimension witness ) \_, 21):1 oy tr(pe My). A
related question is the following: if the given value of the
dimension witness can be obtained by a d-dimensional system,
where d < n, can the minimal value of S(p) also be obtained
by the d-dimensional system? On the other hand, we have
calculated the minimal classical entropy according to Eq. (11)
in Ref. [17] for the dimension witnesses I3, I4, and R, in the
theoretical part of this paper. However, for an arbitrary linear
dimension witness, could the minimal classical entropy be
obtained in the same way? We find that the answer to two of
the above questions is “no.” We list counterexamples for them
in Appendix D. It can be expected that a,, would determine
whether they hold or not; however, the conditions of oy, to
support them are not clear. This is an interesting open problem.

VI. CONCLUSION

We propose and prove a theorem which claims that the
minimal value of S(p) with the given values of the linear
dimension witness ) 7 _, Zi,:, oyy tr(py M) can be obtained
in C". This theorem is used to obtain the minimal quantum
entropy for I3, Iy, and R4. With the minimal classical entropy
indicated in Ref. [17], the differences between the minimal
quantum and classical entropies are illustrated. Then we
experimentally verify it by a telecom band biphoton system, in
which the photon pair generation is based on the spontaneous
four-wave mixing in optical fibers and the single-photon
detections are based on SNSPDs. The qutrit and ququart
are encoded on the polarizations of the photon pairs. The
experimental results agree well with the theoretical values,
demonstrating the reduction of communication entropy from
the classical to the quantum system.
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APPENDIX A: PROOF OF THE THEOREM

Lemma 1. Let M and p be an observable and a density
matrix, respectively, where rank(p) = 2. Then there exist two
density matrices, pg and p;, and two positive real numbers, (g
and u1, subject to

po + p1 =1, (A1)
Hopo + (1p1 = P, (A2)
rank(pg) = rank(p;) = 1, (A3)
tr(poM) = tr(p1 M). (A4)

Proof. Since the density matrix p is a Hermitian matrix, it
can be represented by a diagonal matrix A under a specific
complete orthogonal basis. Let the complete orthogonal
basis and the diagonal matrix A be {|0),|1),|2),...} and
diag{Ag,A1,X2, ...}, respectively. Since rank(p) = 2, without
loss of generality, let Ay =0 while £ > 2. Then Xy > 0
and A; > 0. Hence, the density matrix p can be written as
0 = 20|0){(0] + A1|1)(1]|. The observable M can be written
as M =) ,_o> ,—omilk)(t]. Without loss of generality, let
Mmoo = M.

Case 1. mgy = my;. Let

po = 10)(0[, (A5)
pr = 1)1, (A6)
o = Ao, (A7)
U = Ag. (A8)

Then Eq. (A1) holds since the trace of the density matrix p is
1. Equations (A2) and (A3) hold clearly. Equation (A4) holds
since tr(pgM) = moy = m; = tr(p1 M).

Case 2. myy > my;. Let us define a function,

f(@) = my cos® 0 + my; sin® 6 + (my9 4+ mg1) cos 0 sin O

(A9)
Since Mmoo > My and )Lk > (0 while kE{O,l}, f(O) = )Ll(mOo —
m“) > 0 and f(%) = f —%) = —)\Q(mo() - m”) < 0. Since
f(0) is a continuous function, by the intermediate value

theorem there exist 6, € (0,%) and 6, € (—7,0) such that

f0) = f(62) =0.

—mopAg — M1Ay.

Then let
po = (cos 01|0) + sin6;]1))(cos 6; (0 + sin 6 (1)),  (A10)
01 = (cos 6,|0) + sinB,|1))(cos 8,(0] + sinB>(1]), (All)
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—sin 26,
Mo = ——F5———%> (A12)
sin 20; — sin 26,
sin 26,
H1 = (A13)

sin26; — sin26,

Since 26, € (0,7) and 260, € (—m,0), sin20; >0 and
sin 260, < 0. It follows that 1o > 0 and ©; > 0. Furthermore,
both Egs. (Al) and (A3) hold clearly. Equation (A4)
also holds since tr(poM) = f(61) + Aomoo + Aymy; =
romoo + Aymiy = f(62) + homoo + Aymyy = tr(pr M).

Consider that

0= o0+ 110
= po f (1) + 1/ (62)
= (o cos” By + ju1 cos® B3 — Ao)moo
+ (o sin® @y + g sin® 6y — Ap)my,
= (1o cos” O + ju1 cos” 6y — ho)moo
+ [(1 = pocos® 01 — ey cos® 62) — (1 = Ao)lmiy

= (o cos? By + 11 cos* By — Ao) (oo — myy)

—sin 26, cos? 0; + sin 20, cos? 6,
= - - — Ao J(meoo — myy).
sin 260, — sin 26,
(A14)
Then
—sin 26 Zo in 260 20
sin 2'cos 1-|—.sm 1 COS” 6, — . (A15)
sin 26, — sin 26,
— sin 26, sin® 0 in 26, sin® @
sin 26, sin” 61 + sin 20, sin” 6, — L (A16)

sin 26, — sin 26,
Hence
oo + 101 = po(cos 01]0) + sin Gy |1))(cos 6 (0

+ sin 0 (1]) + ©1(cos 6,]0) + sinH,|1))
X (cos 6, (0] + sin 6, (1|)
— sin 26, cos? 0, + sin 26, cos” @

- 2sin 26, 1—+sin 2921 = 10)0)

— sin 26, sin® 6, + sin 26, sin® 6,
sin 26y — sin 26,

[1)(1]
(A17)

Since Egs. (A15)-(A17), Eq. (A2) holds. |

Lemma 2. Let M and p be an observable and a density
matrix, respectively, where rank(p) = n > 2. Then there exist
three density matrices, pg, o1, and p’, and three positive real
numbers, g, 1, and p’, subject to

po+p +p =1, (A18)
mopo + 1pr + 1o = p, (A19)
rank(pg) = rank(p;) = 1, (A20)
tr(poM) = tr(o1 M) = tr(p M), (A21)
rank(p’) < rank(p). (A22)
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Proof. Since the density matrix p is a Hermitian matrix, it
can be represented by a diagonal matrix A under a specific
complete orthogonal basis. Let the complete orthogonal basis
be {|0),|1),]2),...,|n —2),|n — 1),|n), ...} and the diagonal
matrix A be diag{io,A1,A2, ..., An—2,Au—1,An,...}. Since
rank(p) = n, without loss of generality, let Ay = 0 while
k > n. Then 1; > 0 while 0 < k < n — 1. Hence, the density
matrix p can be written as p = Z;(l)kklk) (k|. The observable
M can be written as M = ), >, _omi|k)(t|. Let m;; and
m j; be the maximum and minimum among the first n diagonal
elements of the matrix of M; hence

mj; = max{moo, . ..,My—1n—1}, (A23)
mj; = min{moo, . ,m,,_],,_]}. (A24)
It follows that

m;i; 2 m;;. (A25)
Casel.m;; = mj;. Thus mgg = myy = -+ - = m,_1,_;. Let
po = [i){il, (A26)
p1 =17l (A27)

1 n—1
- M|k (K], A28
p I_Ai_AjZkHu (A28)

k=0

ki

k#j
Mo = Ais (A29)
=4y, (A30)
M/Zl—)xi—)\,j. (A31)

Since rank(p) > 2, wo, 1, and ' are all positive real
numbers. pg, p1, and p’ are density matrices since A; > 0 and
S i Cokzikej M =1 — A — A;. Equations (A18)~(A20) hold
clearly. rank(p’) = n — 2 < n = rank(p); hence Eq. (A22)
holds. tr(py M) = m;;, tr(poM) = mj; = my;, and tr(pM) =
ZZ;& Ay = m;;  because Z;(l, Ac=1 and mg =
my =...=My_oy_2 = My_1,—1. It follows that Eq. (A21)
holds.

Case 2. m;; > m ;. Let us define a function,

F(0) = m;; cos’ 0 +mj; sin? 6 + (mj; +m;j)cos 0 sin6

n—1
— Z mkk)\k.
k=0

Since m;; > mjj, A >0 while 0<k<n-—1, and
oM =1, F(0)=my — Y2 by > 0, and F(%) =
F(—%) =mj; — ZZ;(I) Memyy < 0. Since F(0)is acontinuous
function, by the intermediate value theorem there exist 6, €
(0,%) and 6, € (—7%,0) such that F(6;) = F(6,) = 0.
Case 2.1. (sin 26, cos? 6, — sin 26, cos? o)/ ;i >
(sin 26, sin® 6, — sin 26, sin® 01)/X;. Let

(A32)

po = (cosO;|i) + sinB;|j))(cos Oy (i| + sinb;(j|), (A33)

p1 = (cosOai) + sinb;]j))(cos 02 (i| +sin6a2(j[), (A34)
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—sin 26,
o = A sin 26, cos? 6, — sin 26, cos? 0y, (A35)
sin 26
Pi= A sin 26; cos? 8, — sin26, cos?2 6, ’ (A36)
, sin 26, — sin 26,
pWo=1— (A37)

A= 5 - TR
sin 26, cos? 6, — sin 26, cos® 0,

n—1

, 1

V= > helk) (k]
k=0

k;i
k)

(-

sin 20, sin? @, — sin 26, sin? 4, il
" sin 260, cos? 6, — sin 26, cos? 6, I

(A38)

Since 26y € (0,7) and 26, € (—m,0), sin26; > 0 and
sin 260, < 0. It follows that ;1o > 0 and ©; > 0. Furthermore,
u' > 0 since

, sin 26y — sin 26,
w=1-

i -
sin 26, cos2 0, — sin 26, cos? 6,

n—1
o DRTEIEY
k=0
ki
k#j
sin 20; — sin 26,

e -
sin 26, cos? @, — sin 26, cos? 6,

sin 26, sin? 6, — sin 26, sin® 6;
" sin 26 cos? 6, — sin 26, cos? 6,

Il
N
ko
+
—

sin 26, sin? 6, — sin 26, sin® 6,
> )‘-j —

" sin 26, cos? 6, — sin 26, cos? 6, > 0. (A¥)

Since p’ is a semipositive definite Hermitian matrix
and tr(p)=pu'/u' =1, p' is a density matrix. Equa-
tions (A18) and (A19) hold clearly. py and p; are rank-
1 density matrices; therefore Eq. (A20) holds. Equation
(A21) also holds since tr(poM) = F(6;) + ZZ;(I) Ay, =
0+ tr(pM) = F(62) + Y iZy Mmax = tr(py M). rank(p’) < n
since p’ doesn’t have the term of |i)(i|. Therefore Eq. (A22)
holds.

Case 2.2. (sin20; cos® @, — sin26, cos®6;)/A; < (sin26;
sin 6, — sin 265 sin? 6, )/A;j. Let

po = (cosB1]i) + sin 6| j))(cos 01 (i| + sin b (j[), (A40)

p1 = (cosOai) + sinby]j))(cos Or(i| +sin62(j[), (A4l)
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—sin26,
W = e it 0y —sin26,sm2e,” P
sin 26,
M= e st 6, —sin26,smze, )
, sin 26, — sin 26,
W1 (A44)

’'in 26, sin2 6, — sin 26, sin2 6, ’

n—1

, 1

V= > hulk) (k]
k=0

k;i
k)

+<)»i—

sin 26, cos? 0, — sin 26, cos? 6, il
i l
7 sin 26, sin? 6, — sin 26, sin2 6,

(A45)

Equations (A18)—-(A22) hold by a proof similar to Case
2.1. |
Lemma 3. Let M and p be an observable and a den-
sity matrix, respectively. Then there exist density matrices

{po, - ..,ps—1} and positive real numbers {vy, . ..,vs_1} subject
to
s—1
Z v =1, (A46)
k=0
s—1
D v =0, (A47)
k=0
rank(py) =1 while0 <k <5 —1, (A48)
tr(orM) = tr(oM) while0 < k< s — 1. (A49)

Proof. Case 1. rank(p) =1. Let p; =p and v; = 1.
Equations (A46)-(A49) hold.

Case 2. rank(p) = 2. Using Lemma 1, there exist pg, 01, 1o,
and w1, satisfying Eqgs. (A1)—(A4). Let vy = o and v; = puy,
then Eqs. (A46)—(A48) hold. Consider that

tr(oM) = tr{(opo + p101)M}
= o tr(poM) + py tr(py1 M)
= potr(poM) + (1 — po) tr(o1 M)

= tr(poM), (A50)

then Eq. (A49) holds.

Case 3. rank(p) > 2. Using Lemma 2, there exist pg, p1,
o', o, 11, and /', satisfying Egs. (A18)—(A22). If rank(p’) is
still larger than 2, using Lemma 2 again, there exist p,, p3, p”,
2, 13, and u”, subject to

pa+ps+pu" =1, (ASD)

P = papr + uspzs + 1 p", (A52)
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rank(p,) = rank(p3) = 1, (A53)
tr(pa M) = tr(p3 M) = tr(p' M), (A54)
rank(p”) < rank(p’). (A55)

Repeat using Lemma 2 until rank(p’ ") < 2. This process
takes finite time since the rank of a density matrix is a
positive integer and rank(p) > rank(p’) > rank(p”) > .... At
last, since rank(p’ ") < 2, p"*’ can be decomposed as the
equations in Case 1 or Case 2. Then let vy = o, Vi = w1,

vy = pop’, vy = u3p’, vy = pap' i, vs = usp'w”, and so
on.

Considering Egs. (A18) and (AS51), Eq. (A46) holds since
1 =po+p+n
= po + p1 + p' (2 + s + 1)
= o+ p1 + ' po + s 4+ i (s + s + 1)
=Vvo+vi+tvt+vstvg+vs+---. (A56)

Because of Eqs. (A19) and (A52), Eq. (A47) can be derived
using a method similar to Eq. (A56). Equation (A48) holds
clearly.

We notice that

(o' M) = tr (wM)

,U,/
1
= E[“(PM) — p tr(pr M) — o tr(pa M)]
1
= —[1 — 1 — naltr(pM)
u
=tr(pM). (A57)
Similar to Eq. (A57), it is easy to obtain that tr(oM) =
tr(p’M) = tr(p" M) = Then  tr(pM) =tr(p1 M) =
tr(po M) = tr(psM) = tr(paM) = .. ., because of Eqs. (A21)
and (A54). It follows that Eq. (A49) holds. |

Theorem. Given the value of a linear dimension witness,
Y Zi:l Oy tr(ox My) = wy, the minimum value of the
Von Neummann entropy S(p), where p = (p1 +--- + p,)/n
can be obtained when pk(l < k < n) are all rank-1 and in C”.

Proof. Let MY = Z _1 %y M,, then the dimension wit-
ness can be written as

n
> (oM™ = wy.

x=1

(AS8)

Using Lemma 3, for p, and M®), there exist den-
sity matrices {0y 0,...,0xs,—1) and positive real numbers

{ve,0, - .-, Vxs,—1}, subject to
sy—1
Y vk =1, (A59)
k,=0
sy—1
> ek Pk, =P (A60)
k,=0
rank(ox ) =1 while 0 <k, <5y — 1, (A61)
tr(pe i, MY) = tr(p, M)  while 0 < k, <5, — 1. (A62)
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Then
s1—1 sp—1 sp—1
Z DD ik Vi,
=0 k=0 k,=0
s1—1 sp—1 sp—1
= (Z Vl,k,) (Z Vz,kz> e Z Vi ky
k=0 k=0 k,=0
=1 (A63)
Furthermore
1
p = ;(pl++pn)

| —

Slfl 5271
= . (Z Vl,klpl,k1> + (Z V2,kzp2,k2> +ee
k1 =0 ky=0

sp—1

+ z Vi, k, Pn k,

kn=0
Sn

S
—E E E Vi,kiV2,ky + - - Vnok,

ki=1 k=1 kn=1

X [—(,Ol,k, +
n

Since (014, + -+ Puk,)/n is also a density matrix and
from Eq. (2.2) on page 237 of Ref. [30], it follows that

-t Pn .k, )i| . (A64)

si—1 s5—1 sp—1

S(p) =S Z Z Y ViV - Yk,

=0 k= k,=0

1
X |:_(101,k1 +
n

s1—1 s5—1 sp—1

E E . E Vi, V2ky o - -
k,=0

o]

=0 k=0 n

. + -+
> min S L1,k Pn.k,
0<k <s—1 n

0<k, <5, — 1

=S<P1,tl+"'+’0"’t">, (A65)
n
wheret; € {0, ...,51 —1},...,1,€{0,....,s, — 1}.

On the other hand, while oy = p14, ..., Oon = Pn,,, the

equation of the linear dimension witness Y »_, tr(o, M™)) =
wy holds according to Eq. (A62).

Then considering that {o, , } are rank-1 density matrices,
they can be written as

Prr, = Vi) (W] whilel < x < n. (A66)
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Let
W) = W), (A67)
Ws) — (W |W,) | W]
) = [W2) — ( }I 2)| }> ’ (A6S)
[1W2) — (L) [l
W3) — (W7 | W3) | W) — (W) |W3) |,
= 1) W) — @) (AG9)
[1W3) — (Wi [W3)[Wy) — (W5 [W3) W) ]
W) — (W W) W) — (WL, ) (W) — - — (W |, [
Wy = W) — ( }I ) }) <%| ) ?> <,,1 il )l,;l). (A70)
W) — (Wi 1W) (W) — (W5 W) W) — - = (W) 1) [, )
Then {|W]), ...,|¥)} are orthogonal pairwise and {|W¥,), ...,|W,)} are in the space & = span{|¥}), ...,|¥/)}. Since Eq. (A66),
PlisP20s - - - »Pns, are all in the space Z. Since dim(X¥) < n, ¥ is included in C".
Hence, given the value of a linear dimension witness, ZZ:1 tr(p, M ™)y = wy, for any density matrices {py, ...,0,}, there
exist density matrices {01 4, .. .,01.,}, subject to
rank(px ;) =1 whilel < x < n, (A71)
Pxs, € C" while 1 <x < n, (A72)
Ztr (pxe M) = wy, (A73)
x=1
S(pl,,l+---+pn,f,,)<S<pl+~~+pn>. (A74)
n n

Hence, given the value of a linear dimension witness, Y . _, Zlyzl Qyy tr(py M) = wy, the minimal value of the Von Neummann
entropy S(p), where p = (p; + - -- + p,)/n, is equal to

l

. ,01+"'+,0n .
min §{ — S.t. oy tr(peMy) = wy,
(25 s Y D o) = s

x=1 y=1

rank (o) =1 whilel <x<n, p,eC" whilel <x <n. (A75)

APPENDIX B: DETAILS ABOUT THE MAXIMAL DIFFERENCES BETWEEN MINIMAL
VALUES OF H (M) AND S(p) FOR I3, I;, AND R,

A)

The states p,, the measurements M, the deterministic expectation values Em’y,

the deterministic probability distributions
P}, and the efficiency matrix A, , are written as

px = V) (¥l (BI)
My, =1-2|my)(m,|, (B2)
Em=0,y=1A) --- Em=n—1,y=1,%)
E,) = : : (B3)
Em=0,y=0Lx) ... Em=n—1,y=1))
P(m =0|x =1,}%) P(m =0|x =n,)\)
P = : : (B4)
Pm=n—-1x=1A) --- Pm=n—1|x =n,A)
Ux=1,y=1 e Qx=1,y=I
Ayy = . (BS)
Oyx=n,y=1 = Ox=py=I

Here we notice that P, has n rows and E{), has n columns, since the message M with dimension n is proved to be sufficient

in Sec. III of the Supplemental Material of Ref. [17]. While rank{P}\} is less than n, the dimension witness of w, can be
obtained by a system with a dimension lower than n.
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For the quantum entropy,

S(p) = —tr(plog, p), where p = pr/n.

(B6)
x=1
For the classical entropy,
n—1
H(M) = Z Pm 10g2 Pm where Pm
m=0
n
=YY P(mlx.0)g:/n. (B7)
x=1 A
For the quantum dimension witness,
n 1
wi =37 oy tr(pMy). (B8)
x=1 y=1
For the classical dimension witness,
n 1 n—1
wf;) = Z Zaxy Z Z E(y,m,A)P(m|x,A)q,
x=1 y=1 m=0 X
(B9)

= Ztr{A”E%P,;%;}qA.
A

While accessing the values shown in Table I of the main
text, the details about the states |/, ), the projection states |m, ),
the deterministic expectation values E,(,f’)y, the deterministic

probability distributions P,ﬁl’\’i, and the probability of strategies
g;. are shown below.

1. For the case of I5

The efficiency matrix is

1
Ay = 1 -1 (B10)
-1
The quantum states are
[¥1) = (1,0,0), (B11)
|¥2) = (0.7972,0.6037,0), (B12)
[¥3) = (0.6511,—0.7590,0). (B13)
The projection states are
|mp) = (0.4531,—0.8914,0), (B14)
|my) = (0.4451,0.8955,0). (B15)

There are two classical strategies, A; and A,, and their
probabilities are

q, = 0.3111, (B16)

3, = 0.6889. (B17)
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The deterministic expectation values are

1 1 -1
) — Q)
Eg) =Ey) = [1 ) 1]. (B18)
The deterministic probability distributions are
[1 0 0]
P =10 1 0], (B19)
[0 0 1]
[1 0 1]
PM) =10 1 ) (B20)
|0 0 0]

Substitute Egs. (B10)—(B20) into Egs. (B6)-(B9), we have

w' =w¥ =3.622,
H(M) = 1.334 bit,

S(p) = 0.897 bit. (B21)
2. For the case of I,
The efficiency matrix is
1 1 1
Ay = } _i _(1) : (B22)
—1 0 0
The quantum states are
[¥1) = (1,0,0,0), (B23)
[¥2) = (0.8323,0.5543,0,0), (B24)
|¥3) = (0.3108,0.9505,0,0), (B25)
[¥4) = (0.7623,0.5247,0.2148,0.3121). (B26)
The projection states are
[m1) = (0.1692,0.1164,0.5549,0.8062), (B27)
|my) = (0.0750,—-0.9972,0,0), (B28)
|m3) = (0.4721,0.8816,0,0). (B29)

There are two classical strategies, A; and A,, and their
probabilities are

g, = 0.3802, (B30)
g, = 0.6198. (B31)
The deterministic expectation values are
1 1 1 -1
EM=EQ) =1 1 -1 1 (B32)
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The deterministic probability distributions are

10 0 17
1 00

Pid=10 0 1 ol (B33)
[0 0 0 0]
10 117
0 1 0 0

PR =10 0 0 ol (B34)
[0 0 0 o]

Substitute Egs. (B22)—-(B34) into Egs. (B6)—(B9), we have
w§ = w$ = 5.760,
H(M) = 1.223 bit,

S(p) = 0.829 bit. (B35)
3. For the case of R,
The efficiency matrix is
1 1
1 -1
Ay = . 1 (B36)
-1 -1
The quantum states are
[¥1) = (1,0,0,0), (B37)
[¥2) = (0.7588,0.2363 — 0.6070i,0,0), (B38)
[¥3) = (0.7588,0.2363 4 0.6070i,0,0), (B39)
[¥4) = (0.3893,0.9211,0,0). (B40)
The projection states are
[m) = (0.1515 — 0.3891:,0.9087,0,0), (B41)
|my) = (0.1515 4 0.3891:,0.9087,0,0). (B42)

There are two classical strategies, A; and X,, and their
probabilities are

q», = 0.6056, (B43)
g, = 0.3944. (B44)
The deterministic expectation values are
1 I -1 -1
A1) — Q)
EM =EP) = [1 - _1]. (B45)
The deterministic probability distributions are
10 1 07
01 0 O
A1) _—
Fn=1o 0 0 of (B46)
|0 0 0 1
11 1 07
0 0 0 O
(R2) _
P = 00 0 ol (B47)
|0 0 0 1.
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Substitute Egs. (B36)-(B47) into Egs. (B6)—(B9)

w =w¥ =5211
H(M) = 1.356 bit

S(p) = 0.888 bit (B48)

APPENDIX C: THE ROTATION ANGLES
OF HWPS AND QWPS

1. The preparation of quantum states

Following Eq. (7) in the main text and Eqs. (B11)-(B13),
we get Table II.

Following Eq. (7) in the main text and Eqs. (B23)—(B26),
we get Table III.

Following Eq. (7) in the main text and Eqs. (B37)—(B40),
we get Table I'V.

TABLE II. The rotation angles of HWPs and QWP in the state
preparator for quantum states in the case of /.

h§”) qip) hgp)
1Y) 0° 0° 0°
[¥2) 18.57° 37.14° 0°
[r3) —24.69° —49.38° 0°

TABLE III. The rotation angles of HWPs and QWP in the state
preparator for quantum states in the case of 4.

hP) q» hf_”)
(Y1) 0° 0° 0°
[vr2) 16.83° 33.66° 0°
[Y3) 35.95° 71.89° 0°
[V4) 17.27° 34.54° 11.13°

TABLE IV. The rotation angles of HWPs and QWP in the state
preparator for quantum states in the case of Ry.

h® g "
(Y1) 0° 0° 0°
'S 33.55° 33.55° 0°
1) 0° 33.55° 0
1) 33.55° 67.09° 0°

TABLE V. The rotation angles of HWPs and QWP in the state
preparator for classical states of strategy A; in the case of .

hﬁ,”) q§p> h[{p)
State 1 0° 0° 0°
State 2 45° 90° 0°
State 3 45° 90° 45°
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TABLE VI. The rotation angles of HWPs and QWP in the state
preparator for classical states of strategy A, in the case of I5.

PHYSICAL REVIEW A 94, 062340 (2016)

TABLE XII. The rotation angles of HWPs and QWPs in the
measurement device for detection of quantum states in the case of 1.

% % ) % ) W g
State 1 0° 0° 0° |my) 17.26° 34.53° 39.07° 78.15°
State 2 45° 90° 0° [ms) —42.85° —85.70° 0° 0°
State 3 0° 0° 0° |m3) 30.92¢ 61.84° 0° 0°

TABLE VII. The rotation angles of HWPs and QWP in the state
preparator for classical states of strategy A; in the case of 4.

o 4 W
State 1 0° 0° 0°
State 2 45° 90° 0°
State 3 45° 90° 45°
State 4 0° 0° 0°

TABLE VIII. The rotation angles of HWPs and QWP in the state
preparator for classical states of strategy A, in the case of 1.

hil’) qil’) hl(p)
State 1 0° 0° 0°
State 2 45° 90° 0°
State 3 0° 0° 0°
State 4 0° 0° 0°

TABLE IX. The rotation angles of HWPs and QWP in the state
preparator for classical states of strategy A; in the case of Ry.

hﬁp) qx(p) hlgp)
State 1 0° 0° 0°
State 2 45° 90° 0°
State 3 0° 0° 0°
State 4 0° 0° 45°

TABLE X. The rotation angles of HWPs and QWP in the state
preparator for classical states of strategy A, in the case of Ry.

hip) qip) hl(p)
State 1 0° 0° 0°
State 2 0° 0° 0°
State 3 0° 0° 0°
State 4 0° 0° 45°

TABLE XI. The rotation angles of HWPs and QWPs in the
measurement device for detection of quantum states in the case of /3.

2. The preparation of classical states

Following Eq. (7) in the main text and Eqs. (B19)—(B20),
we get Tables V and VI.

Following Eq. (7) in the main text and Eqs. (B33)—(B34),
we get Tables VII and VIIL.

Following Eq. (7) in the main text and Eqs. (B46)—(B47),
we get Tables IX and X.

3. The detection of quantum dimension witness

The expectations of detect-events for the quantum dimen-
sion witness in the case of I3, I4, and R, are

_ _Da,b + Dc,b + Dc,d

E = for I5, (C1)
Da,b + Dc,b + Dc,d
—-D, D, D, D,
_ b+ Dep+ Deg+ Dgg for I,  (C2)
Du,b + Dc,b + Dr.',d + Da,d
-D, D, D. D,
E = b ¥ Devt Deat Dad o p (3

Da,b + Dc,b + Dc,d + Da,d

Following Eq. (8) in the main text and Eqs. (B14)-(B15),
we get Table XI.

Following Eq. (8) in the main text and Eqs. (B27)—(B29),
we get Table XII.

Following Eq. (8) in the main text and Eqs. (B41)—(B42),
we get Table XIII.

4. The detection of classical dimension witness

Following Eq. (B18), the expectations of detection events
for the classical dimension witness in the case of I3 are

D, D., — D
E = a,b + c,b c,d for M],
Du,b + Dc,b + Dc,d

_ Da,b - Dc,b + Dc,d
Da,b + Dc,b + Dc,d

Following Eq. (B32), the expectations of detection events
for the classical dimension witness in the case of I

(C4)

for M,. (C5)

TABLE XIII. The rotation angles of HWPs and QWPs in the
measurement device for detection of quantum states in the case
of R4.

e o W g hgw o e %
[my) —31.53° —63.06° 0° 0° |my) 50.52° 78.54° 0° 0°
[m3) 31.79° 63.57° 0° 0° |m5) 28.02° 78.54° 0° 0°
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TABLE XIV. The rotation angles of HWPs and QWPs in the
measurement device in the case of I5.

h(sm) q§m) hl(_"l) i(m)
D p(|v1)) 0° 0° 0° 0°
Dy p(|v2)) 45° 0° 0° 0°
D, (|v3)) 45° 0° 45° 0°
D, (|v4)) 45° 0° 22.5° 0°
D, (|vs)) 45° 0° 22.5° 45¢
D, »(1ve)) 22.5° 45° 22.5° 45°
D, ,(|v7)) 22.5° 45° 22.5° 90°
D, »(|vs)) 22.5° 45° 0° 90°
D, (|vo)) 22.5° 0° 0° 90°
are

Da,b + Dc,b + Dc,d - Da,d

E = for My,  (C6)
Da,b + Dc,b + Dc,d + Da,d
Dyp+ Doy — Doy + D,
— Dab+ Det dt Dad g M,  (C7)
Da,h + Dc,b + Dc,d + Da,d
D,y — D.p+ D,q+ D,
= Dab = Dep ¥ Dea ¥ Dad g pr (g

" Dup+Dep+ Deg+ Day

Following Eq. (B45), the expectations of detection events
for the classical dimension witness in the case of R4 are

_Dyp+Dep— Dea— Daa

" Db+ Dep + Dea + Daa

E = Da,b - Dc,b + Dc,d - Da,d
Da,b + Dc,b + Dc,d + Da.d

for M, (C9)

for M,. (C10)

The rotation angles of HWPs and QWPs in the measure-
ment device for classical states in the cases of I5, Iy, and Ry
are all 0°.

TABLE XV. The rotation angles of HWPs and QWPs in the
measurement device in the cases of 1, and R,.

h(YM) qs(m) hl(_m) i(m)
Dy p(v1)) 45° 0° 45° 0°
D, (|v2)) 45° 0° 0° 0°
D p(|v3)) 0° 0° 0° 0°
Dy ,(|v4)) 0° 0° 45° 0°
Dy p(|vs)) 22.5° 0° 45° 0°
D »(|ve)) 22.5° 0° 0° 0°
D, »(v7)) 22.5° 45° 0° 0°
D, (|vs)) 22.5° 45° 45° 0°
D, (|vo)) 22.5° 45° 22.5° 0°
D, (Ivi0)) 22.5° 45° 22.5° 45°
Dy p(Jvi1)) 22.5° 0° 22.5° 45°
D »(Iv12)) 45° 0° 22.5° 45°
D, (Jv13)) 0° 0° 22.5° 45°
Dy p(|v14)) 0° 0° 22.5° 90°
D, »(Iv1s)) 45° 0° 22.5° 90°
Dy (|vis)) 22.5° 0° 22.5° 90°
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5. The detection of quantum entropy

In quantum state tomography, for the reconstruction of an
s order density matrix, s* projection states |v;) are utilized
where their projective operators are linearly independent.
These projection states are realized by rotating angles of 2™,
g™, i\, and g™ following Eq. (8) in the main text. We get
Table XIV for I3 and Table XV for I4 and R4. The detection
event D, ;(|v;)), which represents the coincidence number
between ports a and b while the projection state is |v;), is

D, ,(1v;)) = N(vj|px|v))

N is a constant. Since p has s> — 1 independent variables, it
can be linearly reconstructed by D, ,(|v;)):

X MyD(v)
P S D)

M;1<j< s?) are the matrices which depend on [v;).
To keep the positive semidefiniteness of p,, the maximum
likelihood estimation [24] is used.

For the case of I3, s = 3 and each of p;, p, and p3isa3x3
density matrix. We reconstruct p;, p2, and p3 and then obtain
the average state as

while 1 < j <s?.  (Cll)

(C12)

p = 5(p1 + p2+ p3). (C13)
The matrices M; (1 < j < 9) are as follows:
1' 2 —14+i 0
M =—-|-1-i 0 0],
2l o 0 0
1' 0 —14i 11—
My ==|—-1—i 2 1+,
2li+i 1 0
1'0 0 —2i 0 0 i
M3=— 0 0 —1+i s M4= 0 0 -1,
2_21 —1—1i 2 —i i 0
[0 0 —1] [0 0 2
Ms=|0 0 1|, Mg=|0 0 0],
-1 1 0 | 2 0 0
0 0 2 0 1 —1—i
M,=| 0 0 0], Mg= 1 0 0 |,
-2 0 0] | —14+i 0 0
[0 —i o0
My=1|i 0 0 (C14)
0 0 0

For the case of I4 and R4, s = 4 and each of py, 0, p3, and p4
is a 4x4 density matrix. We reconstruct p;, p2, p3, and ps and
then obtain the average state as

The matrices M; (1 < j < 16) are as follows:

0o 0 1 0

ilo o —1—i i
M=zl 2140 2 —1—il

0 —i —l4i 0
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r 0
1 —1—i
M=
L O
r 2
1| —-1—i
M=
L—1+1i
r 0
1 0
M4=§ 1
L—1+1i
r 0
1 0
MS:E —1—i
L O
r 0
1 2i
M6_§ —1—1
L O
r 0
1 2
M7:§ —1—1i
L O
r 0
1 0
MS:E —1—i
L O
0 0 —i
0O 0 O
Mo=1; 0o o
10 i 0
0 0 1
0O 0 O
Mo=11 9o o
|0 1 O
0 O —
0O O 0
Mu=1; o o
|0 —i 0
r 0
1 0
M12—§ —1—i
L O
r 0
1 0
M13=§ i
L 2
r 0
1 0
Mu=351_14i
—2i

—1+4i 1 07

2 —1—-i i
-1+ 0 01
—i 0 0_
—14+i 1 —1-i7

0 0 i

0 0 0 ’
—i 0 0
0 1 —1—i
0 0 i
0 0 —1—-i|
- =1+ 2

0 -1+ 0 7

0 0 1—i

0 0 20 |
1+ —2i 0
—2i =141 0 7

0 0 1—1i

0 0 0o |’
141 0 0

2 —14i 0 7
0 0 —14i
0 0 0
—1—i 0 0 |
0 —1+4i 0 7
0 0 —14i
0 0 2
—1—i 2 0
0

—i

O b

0
0

1
0 9
0
i 0

i

ol

0

0 —14i 0 7
0 2 —1—1i
2 0 0
-1+ 0 0 |
0 —14i 2
0 0 —1—1i
0 0 0
-1+ 0 0 |
0 —1—1 2i

0 0 1—1i

0 0 o |’
1+ 0 0
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0 0 —1—-i 0
1 o 0 2% 1—i
M'5—§[1+z —2i 0 E
0 1+i 0 0
0 0 1 0
0 0 0 —I
Me=[0 0 o o (C16)
0 -1 0 0

6. The detection of classical entropy

We only need to record the distribution of the click number
of each detection event while all rotation angles of HWPs and
QWPs are 0°.

APPENDIX D: COUNTEREXAMPLES FOR THE
HYPOTHESES IN DISCUSSION OF THE MAIN TEXT

Hypothesis 1. min, cce S(p) = min, <c» S(p) while
!
Dot Dy Uy (e My) = wa,  p=)1_ p/n,  and
LY < wy < LY (d < n), where L' is the d-dimensional
quantum bound of the dimension witness w,.

Counterexample 1. From Eq. (3) of the main text, the
dimension witness I4 can be written as

Iy = tr[p1(My + My + M3)] + tr[p2(My + My — M3)]
+ tlps(My — Mp)] + trlp1(—M1)]
< Amax(My + My + M3) + Amax(My + M2 — M3)
+ Amax(M1 — M2) + Amax(— M), (D)

where Apm,x(€2) represents the maximum eigenvalue of observ-
able Q.

Let My = 20" img)(mi|U — 1, where U is a second-order
unitary matrix and 1 < k < 3. Since {|my)} are in C?, without
loss of generality, let

lm1) = (1,0), (D2)
e . 0 .
|my) ={ cos 5 sin 3 while 6 € [0,7], (D3)
|m3) = | cos ?,Sin?ei‘” ,
2 2
while ¢ € (—m,7] and ¢ € [0,7). (D4)
Then
M+ M + M3
1|14 cos@ + cos ¢ sin® + singe’® | A
- sinf +singe™™ —1 —cosf —cos¢p | °
(Ds)
My + My — M3
A 1|14+ cos® — cos¢ sin® — singe’® |
_ ! ‘
=v |:sin9 —singe™* —1— cosO + cos¢ U, (D6)
_ ~-q| 1 —cosf —sing |
M, — My =U |: —sinf  —14cosh v, (D7)
~ 1l—=1 0|~
Y
M =U [0 1]U. (D8)
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Hence,
Amax(M1 + My + M3) = \/(3 4+ 2c0s0) + (2cos O cos ¢ + 2 sin O sin ¢ cos @), (DY)
Amax(M1 + My — M3) = \/(3 4+ 2cos0) — (2cos O cos ¢ + 2 sin O sin ¢ cos @), (D10)
Imax(My — M) = /2 = 2 cos ), (D11)
Amax(—M1) = 1. (D12)

Substituting Egs. (D9)-(D12) into Eq. (D1), we get

I, < \/(3 4 2co0s0) + (2cos O cos ¢ + 2 sin O sin ¢ cos @)
+\/(3+20030)—(20050003¢+2sin9 sin¢ cos @) + /2 —2cos@ + 1
< 2/(3+2cos0) ++/2—2cosb + 1

1 1 1 1
= 5\/(3+200s9)+ 5\/(3—1—20050)—{— E\/(3+200s9)+ 5\/(34—20050)4-«/2—20059 +1

< \/5[3 +2cosf n 3+ 2cosf 4 34 2cos6 N 3+ 2cosb foo 20089)] tl=6 D13)
4 4 4 4
The second sign of less than or equal to (<) becomes equal to (=) if
2cosf cos¢g + 2sinf sin¢g cosgp = 0. (D14)
The third sign of less than or equal to (<) becomes equal to (=) if
%\/(3+200s9)=«/2—20059écos@:O.S. (D15)
Considering Eq. (D3), from Eq. (D15) we can obtain
b4
0 = 3 (D16)

On the other hand, the vectors {|vy)}, where p;, = U-! |ve) (v | U, should be the eigenvectors corresponding to the maximum
eigenvalues of Eqs.(D5)—(D8). Hence,

(1 +cos6 +cos¢ + /(1 4 cos 6 + cos ) + | sin@ + sin ei? |2, sin @ + sin pe %)

lv) =

\/2[(1 + cos 6 + cos ) + | sin @ + sin gei*|2] + 2(1 4 cos 6 + cos ¢p)y/(1 + cos 6 + cos @) + | sin 6 + sin pe#|?
(D17)

(1 +cos — cos¢ + /(1 4 cosf — cos )2 + | sin@ — sin gei? |2, sin@ — sin pe %)

[v2) =

\/2[(1 4 cosf — cos )2 + | sin@ — sin gei?|2] 4+ 2(1 4 cos @ — cos ¢p)y/(1 + cos & — cos ¢)? + |sin — sin pei#|?
(D18)

(1 —cosf + /(1 — cosf)? + |sinf|?,—sinh)

lvs) = (D19)

\/2[(1 —0s0)2 + | sin@[2] 4+ 2(1 — cos 0)\/(1 — cos 0)? + | sin O ?
lv3) = (0, D). (D20)
Substituting Eqs. (D14) and (D16) into Egs. (D17)—~(D20), we get

Al ~A o~ T+ 2cosg V3 + 2singe ¢ A
=U"! U=0"'- . U, D21
pi o) (w1 8[ﬁ+28m¢e,¢, L 2cosd (D21)

" r a1 7 —2cos¢ V3 — 2singe ¢ A
. U=0"- A U, D22
P2 |v2) (2] 8[ o osingei® 14 2000 (D22)

Al N ~ 1] 3 — 3] A
1 1

i3 =U""n)(n|lU=U 4|:—\/§ ) ]U, (D23)
p4=01|v4><v4|0=01[8 ﬂU (D24)
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Hence,

1[5 0

1 N o
p= Z(Pl+Pz+P3+,04)=U_1§|:O 3:|U. (D25)

For Iy = L(q) = 6, although ¢, ¢, and U are not unique, the
Von Neumann entropy of p is unique. Then while I, = 6,
min S(p) = 0.954 bit. (D26)
preC?
On the other hand, there exist states for ququarts,
[¥1) = (1,0,0,0), (D27)
[v,) = (0.8290,0.5592,0,0), (D28)
|[v3) = (0.7660,—0.6428,0,0), (D29)
[V4) = (0.8844,—0.0191,—0.1204,0.4506), (D30)
and the measurement operators M, = 1 — 2|m,) (m,|,
|m1) = (0.2229,—-0.0058,—0.2516,0.9418), (D31)
|my) = (0.4838,—-0.8752,0,0), (D32)
[m3) = (0.4695,0.8829,0,0), (D33)
where I, = 6.000 and S(p) = 0.912 bit. Hence,
min S(p) < 0.9122 bit. (D34)
p,eCH4
From Egs. (D26) and (D34), we get
(D35)

mm S min S
un, (p) > min, (0),

which disproves the hypothesm.
Counterexample 2. For Ry = L(f) = 6.472, there are sets

of states p, in C3 [14]. The states are px = U~ |v,) (|0,
where U is a third-order unitary matrix and

[¥1) = (0,0,1), (D36)
[Y) = (i L 0) (D37)
2) = > 5 )
=|—,—.0 D38
[¥3) (\/— 7 ) (D38)
[¥4) = (1,0,0). (D39)
The measurement operators are M, = 1 — 20! |my)(my|l7 R
where
1 2
) = ( 5+ ) (D40)
V10+245 V10425
1 -2
ma) = ( 5+ ) (D41
V10 +2v5 V10 + 25

Although U is not unique, the Von Neumann entropy of p
is unique. Then while Ry = 6.472,

min S(p) = 1.5 bit. (D42)
preC3
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On the other hand, there exist states for ququarts,

[¥1) = (1,0,0,0), (D43)

[¥2) = (0.5892,0.5736,0.5690,0), (D44)

[¥r3) = (—0.6257,0.5584,0.0293,0.5439), (D45)
|¥4) = (0.0175,0.9998,0,0), (D46)

and the measurement operators My =1 —2|m")(m{"| —
2\m @) (mP],

Im{") = (—0.2925,0.8860,—0.0987,0.3460),  (D47)
|mP) = (—0.1432,-0.3525,0.3117,0.8707),  (D48)
Im$") = (0.2906,0.8847,0.3496,—0.1030),  (D49)
|m$?) = (0.1143,—0.3604,0.8911,0.2511), (D50)
where Ry = 6.472 and S(p) = 1.418 bit. Hence,
min, $(p) < 1418 bit. (D51)
From Egs. (D42) and (D51), we get
prf“{;l S(p) > p{nlg S(p), (D52)

which also disproves the hypothesis. This is also shown in
Fig. 3 in the Supplemental Material of Ref. [17].

Hypothesis 2. For any linear dimension witness
Yo Zi,:, oy tr(pxMy) = wy, the right-hand side of
Eq. (11) in Ref. [17] is the minimal classical entropy.

Let A; ; be the jth strategy for an i-dimensional classical
system. w(A;, ;) represents the classical dimension witness,

wi; ;) = ZZ anE Q”).

x=1 y=1

(D53)
The maximal value of the dimension witness for the d-
dimensional classical system is L., hence

Lg = max w(Ag, ;). (D54)
J

Here, we use H([po,p1,---,Pn—2,Pn—1]) to represent the
classical entropy H(M). Without loss of generality, let py >

D1 = -+ = Pu—2 = Pn—1. Then
H(po,p1s -+ Pn—2,Pn-1])
n—1
= HM)=)_—pclog, pi. (D55)
k=0

For the case of the d-dimensional system where d < n, p; =
0 while d < k < n — 1. Then we use lim,_,¢x log, x =0 to
keep the effectivity of Eq. (D55).
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Counterexample 3. Let

Oy=1,y=1 Oy=1y=2 0.4955 0.7775
A — Ox=2y=1 Ox=2y=2| _ —0.6092 —0.6572
W T tymsyml Gimzy—a || 0.0048  —0.5283
Ux=4,y=1 Ux=4,y=2 —0.5877 0.8258
Then the maximal value of the dimension witness by the four-dimensional classical system is L4 = 4.4860, while
FOan Em=0,y=1A4,) ... Em=3,y=114,) _ 1 -1 I -1
my Em=0,y=2Xx41) ... Em=3,y=2,k) -1 -1 1
and
Pm=0x=1,A4;) ... Pm=0x=42x)) 1 0 0 O
pRan) — : _ 8 (1) (]) 8 ‘
Pm=3x =1 41) ... Pm=3x=41x4,) 0O 0 0 1

The maximal value of the dimension witness by the three-dimensional classical system is L3 = 4.4764, while

goa _ [Em=0y=1431) ... Em=3y=1ip]_[-1 1 -l 1
my T |Em=0,y=2x31) ... Em=3y=2x| [-1 1 1 -1
and
Pm=0x=1,A31) ... P(m=0|x=42xs) 0 1 1 0
P(}\3.l) _ . _ 1 0O 0 0
mx = : 1o 0o o 1|
P(m:3|_x:l,)\,3’1) P(m=3|)€=4a)\3,1) O 0 O 0

The maximal value of the dimension witness by the two-dimensional classical system is L(z(") = 3.4854, while

E(lz,l)_ E(m:O,)’: 1’)"2,1) E(m=3,y=1,)nz,1) — 1 -1 1 -1
my Tl Em=0y=2521) ... Em=3y=2Jn| |1 -1 -1 1
and
P(m =O|x = 1,)\2’1) P(I’I’l :0|x :41)"2,1) 1 0 0 !
Pl — : = 0 110
mx : 10 0 0 01"
P(m:3|_x:1,)\,2’1) P(m=3|)6=4,)\2,1) O 0 O O

The maximal value of the dimension witness by the one-dimensional classical system is L; = 1.1144, while

EOLD Em=0,y=1A1;) ... Em=3,y=1Ai,) _ -1 -1 1 1
m.y Em=0,y=2Xx,1) ... Em=3,y=2,i1}) -1 -1 1
and
Pm=0x=1A11) ... P(m=0[x=40xr) I 1 1 1
poLD _ : _ (0 0 0 0
m,x : 0 0 0 O
Pm=3x=1x,1) ... Pm=3x=4Ar,) 0O 0 0 0
For dimension witness wy; = L, the minimal classical entropy is H([ po, . . . , p3]), subject to

4
ZZZq,\UP(m = klx,A;;)/4 = p  while 0 < k < 3,

=1i=1 j 4
Z ZCIA,-,_,-U)()W,J‘) = L,,
i=1
4

ZZ%-J =L

i=1 j

=
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Following Egs. (D66), (D67), and (D54),
4 4
La< Q0D @y maxwhi ) =D au,Li =D au, L
i=1 j i=1 j j

+|1- ZCIAU - ZCIA_;_,- - ZCIM,,- L2+ZQA3,,L3 +ZQA4,,L4
J J J J J

Ly — L, Ly— Ly
=Y ., < P > g, + e > g, =04180 3 qi,, +0.4220> g, . (D68)
J J J J J

Then, for py,

4 4 4
Po=Y_ > qPm=0x)/4= "> g, 1> Plm=0lx.1; /4. (D69)
x=1 A i=1 j x=1

Considering that, for different dimensional systems, Zi:l P(m = 0|x,A; ;)/4 have different upper bounds, Zi:l P(m =
Olx,A1,j)/4 < 1 for one-dimensional systems, Zi:o P(m = 0]x,A,;)/4 < 3/4 for two-dimensional systems, Zi:l P(m =
0lx,A3,j)/4 < 1/2 for three-dimensional systems, and Zi:l P(m = 0]x,A4 ;)/4 < 1/4 for four-dimensional systems. Here we

notice that 21:1 P(m = 0|x,x1)/4 < 1/2 for the case of A, ; from Eq. (D62). Hence

Po < Zq/\ul + th,,% +QA2,1% + ZCI/\;‘,% + Zﬁm,,-j—t = % - %‘1/\2,1 + % Z‘Im - qus__,- - 22‘1/\4,/
J J J J J

j#2 j
301 1 0.5820 1.5780
= 1%ty Z @, — 0.4180 Z G, — 0.4220 Z T Z G =~ Z D,
J J J J J
301 0.5820 1.5780
< Z - ZCIAN - 4 ; 51)\3,,' - 4 ; ‘])LM . (D70)

Because of Eq. (D66), gx, ,» > D and ) Dy can’t be 0 simultaneously, therefore
po < 3. (D71)
Since po > p1 = po > psandwy = Ly > Ly,
po > 4—11. (D72)
Since —x log, x — ylog, y > —(x + y)log,(x + y) whilex > 0,y > 0, and x 4+ y < 1, then
H([po,p1,p2,p3]) = H([po,p1 + p2 + p3,0,0]). (D73)

Since —xlog, x — (1 — x)log,(1 —x) > —ylog, y — (1 —y)log,(1 —y) while x >0, y >0, and 0 <x <y < %, then
considering Egs. (D71) and (D72),

H([po,p1 + p2 + p3,0,0]) > H([3,5,0,0]) = —3log, 2 — 1 log, ; = 0.811 bit. (D74)
Hence
H([po,p1,p2,p3]) > 0.811 bit. (D75)

On the other hand, while using the strategy of Eq. (11) in Ref. [17], for the case of w; = L(zc) = 3.4854, the minimal classical
entropy H(M) is 0.811 bit. Hence, the hypothesis is disproved.
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