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It is tough work to measure the orbital angular momentum
(OAM) spectrum due to the requirement of a reference light
or photodetector arrays, while measuring the spin angular
momentum (SAM) is readily convenient and matured. In
this work, the so-called OAM–SAM nonseparable states
are employed, and the OAM spectrum can be obtained only
by measuring the Stokes parameters of an arbitrary light
beam with low loss noncascading structure and a single
point detector. According to the experimental results, the
fidelity of the measured OAM spectrum can be as high
as 95.2% and 94.3% for OAM eigenstates and superposed
states, respectively. © 2018 Optical Society of America

OCIS codes: (050.4865) Optical vortices; (260.5430) Polarization;

(260.6042) Singular optics.
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Verified by Allen et al. in 1992, the orbital angular momentum
(OAM) can be well defined by a Laguerre–Gaussian light beam
with azimuthal phase term of exp�ilϕ� [1], which can also be
treated as the l th eigenstate of an infinite Hilbert space. One of
the unique characteristics of OAM beams is their high dimen-
sional nature, which has attracted research interest for various
applications of free space [2] and on-chip [3] optical commu-
nications, optical imaging [4], and quantum information [5],
including high performance quantum metrology [6], new
quantum communication protocols [7], quantum dense coding
[8], quantum simulation [9], and quantum cryptography [10].
For these applications, identifying the OAM states carried by
an arbitrary light beam is an essential and significant problem.
In some earlier works, the OAM topological charge is extracted
by analyzing intensity distributions after passing some optical
elements, such as double slits [11], triangular apertures [12],
single slits [13], wedged flat [14], and annular gratings [15].
For these methods, it is hard to measure the whole OAM spec-
trum since the detected charge range is limited by a certain op-
tical element. Recently, several improved approaches for
measuring the OAM spectrum emerged; the operation princi-
ples include the rotational Doppler effect [16] and interference
pattern analysis [17,18]. However, since a reference light beam
is required, these methods cannot be applied to single photon
measurement. Another approach toward the OAM spectrum is

an OAM sorter, which is available for single photons with high
performance and low insertion loss. Representative methods are
based on cascaded OAM beamsplitters [19,20] and optical field
transformation [21], which is further developed to reduce the
overlap between adjacent eigenstates of OAM [22] and mini-
mize the device footprint [23]. Most recently, the complete
OAM density matrix of a single photon can be characterized
[24]. Furthermore, with the help of an interferometer, the
OAM spectrum of parametric downconverted photons with
high Schmidt number has been successfully extracted [25].
However, either a charge coupled device (CCD) or photodetec-
tor array is still required, which is obviously not cost effective.
As mentioned above, how to identify the OAM spectrum with
a single point detector and without a reference light beam is still
an open question.

In this work, an approach with a single point detector is dem-
onstrated to measure the OAM spectrum. We further offer a
method to determine the mean OAM value under the same ex-
perimental setup. In our approach, the OAM state under test is
first converted to the OAM–spin angular momentum (OAM–
SAM) nonseparable state [26] and consequently the OAM spec-
trum is extracted by measuring the spin angular momentum
(SAM). The OAM–SAM nonseparable state describes a vecto-
rial vortex beam whose state vector cannot be represented by the
direct product of OAM and SAM components. Though exhib-
iting no violation of classical behaviors, the OAM–SAM non-
separable state provides an additional approach in quantum
metrology [27]. A typical OAM–SAM nonseparable state
can be prepared by passing a linear polarized light beam through
a q-plate [28], where two OAM eigenstates are interacted with
the SAM. In our proposal, a modified Mach–Zehnder (M-Z)
interferometer is adopted to prepare the required OAM–
SAM nonseparable state. The SAM of a light beam can be
identified with the standard Stokes parameter measurement
method. Thus, with OAM–SAM nonseparable state, the OAM
spectrum can be determined without CCD camera and refer-
ence light. According to the experimental results, the fidelity
of the measured OAM spectrum can be 85.3–95.2% and
84.3–94.3% for eigenstates and superposed states, respectively.

The schematic experimental setup is shown in Fig. 1. The
fundamental Gaussian mode at 1550 nm output from the
laser (RIO Orion) is injected into the system through a colli-
mator. A polarizer (P1) is adopted to ensure the desired linear
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polarization state. With a spatial light modulator (SLM,
Holoeye Pluto) and a beamsplitter, the fundamental
Gaussian mode is converted to the initial OAM state jLi�P

ml jli,
P jml j2� 1 with a checkerboard method. After that,

the OAM–SAM nonseparable state is prepared through a M-Z
interferometer, which consists of two polarization beamsplitters
(PBSs) as well as one dove prism (DP1 and DP2) in each arm.

A half wave plate (HWP) is utilized to rotate the polarization
with the angle of 45° according to the polarization axis of PBS1;
thus the modified OAM–SAM state jψi � jLi ⊗ jSi (with
jSi � �jH i � jV i�∕ ffiffiffi

2
p

) is prepared. Then, state jψi is in-
jected into the M-Z interferometer. DP1 is fixed while the ro-
tation angle α of DP2 can be varied by a stepper motor rotation
mount (Thorlabs) with accuracy of �0.14°. The state evolu-
tion through the M-Z interferometer can be described as a
unitary operator of Û �α� with Û �α�jli⊗jSi�jli⊗�jH i�
exp�−2iαl�jV i�∕ ffiffiffi

2
p

. Thus, the SAM state and OAM state
would be classically nonseparable by Û �α� and the density
matrix of the state after the M-Z interferometer is

ρ̂ns � Û �α�ρ̂0Û †�α�

� 1

2

X
jml j2jlihl j ⊗ �jH ihH j � jV ihV j

� exp�−2iαl�jV ihH j � exp�2iαl�jH ihV j�, (1)

where ρ̂0 � jψihψ j is the density matrix of the OAM–SAM
state before the M-Z interferometer. The required information
on SAM can be obtained by measuring the second and third
Stokes parameters, which can be expressed by traces of
the first and second Pauli matrices acting on the final SAM
unconditional density matrix:

hσ̂xi � T r�ρ̂ns σ̂x� �
X

jml j2 cos 2αl , (2)

hσ̂yi � T r� ρ̂nsσ̂y� � −
X

jml j2 sin 2αl , (3)

where σ̂x � jH ihV j � jV ihH j and σ̂y � −ijH ihV j �
ijV ihH j are the second and third Stokes parameters in polari-
zation degrees of freedom, respectively. Here, Pauli matrices are
realized by a tunable liquid crystal delay line (DL, LCC-1223C,
Thorlabs) and a polarizer (P2) after it. The DL serves as a tun-
able wave plate since it can introduce arbitrary phase delay with
value from 0 to 2π only for the polarization component parallel
to the slow axis. In practice, the phase delay of the DL is

set to be 0 or π∕2 to detect linear diagonal or right circular
polarization states, respectively, which correspond to the second
or third Stokes parameter. The polarization orientation of
P2 is fixed at 45° according to the polarization axis of PBS2.
Additionally, the tunable DL also serves to compensate the
optical path difference between the two arms of the interferom-
eter. From Eqs. (2) and (3), the relation of f �α� �
hσ̂xi − ihσ̂yi �

P jml j2 exp�i2αl� can be readily found. Thus,
the OAM spectrum coefficients fjml j2g can be calculated by a
discrete Fourier transformation (DFT) algorithm after measur-
ing a series of Stokes parameters with varied α from 0 to π.
In detail, it is jml j2 �

P
f �α� exp�−i2αl�.

Several experiments have been carried out to verify our pro-
posed approach. First, the input OAM states under test are ei-
genstates with l ranges from −5 to 4. The measured spectra of
these states are shown in Fig. 2(a). To evaluate the accuracy, a
parameter of fidelity F is adopted, and the definition is

F � T r�M 0P�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T r�M 0M�T r�P 0P�

p , (4)

where M and P denote the measured and preset OAM ampli-
tude spectra, respectively. The energy normalization is also
done in Eq. (4). For the results shown in Fig. 2(a), the
corresponding fidelity is 85.3% (l � 1) to 95.2% (l � −3).
Figure 2(b) shows measured spectrum for eigenstate l � −4
with fidelity of 92.1%.

Next, the input states under test are prepared as the OAM
superposed states of l � −6, 3, 6 with energy ratio of 1:1:1, and
l � −4, 4, 6 with energy ratio of 2:1:2, respectively. The mea-
sured intensity patterns are shown in Figs. 3(a) and 3(c). The
intensity patterns are measured by a CCD camera. Figures 3(b)
and 3(d) show the measured OAM spectra corresponding to
Figs. 3(a) and 3(c) with fidelity of 87.0% and 85.5%, respec-
tively. The gray bars and black bars denote the preset and mea-
sured OAM spectra, respectively.

Moreover, much wider OAM spectra have been prepared
and measured. The superposed OAM state is prepared by set-
ting the phase pattern on the SLM as in Fig. 4(a). Red and blue
colors denote 0 and π phase delay, respectively. The brightness
indicates energy intensity, which is exactly a Gaussian envelope.
The intensity modulation is achieved by the checkerboard
method. Due to the segment azimuthal phase distribution,
the preset OAM state can be represented as follows:

Fig. 1. Scheme of experimental setup. P, polarizer; BS, beamsplitter;
SLM, spatial light modulator; HWP, half wave plate; M, mirror; DP,
dove prism; DL, delay line; PM, power meter.

Fig. 2. (a) Measured OAM spectrum of eigenstates with l ranges
from −5 to 4. The fidelity of these results is 85.3–95.2%. (b) Typical
measured spectrum of OAM eigenstate with l � −4.
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jLi � 2

π

X∞
n�1

1

2n − 1
�j2n − 1i − j − 2n� 1i�.

Figure 4(b) is the intensity pattern simulated by MATLAB
through Huygens–Fresnel theory while Fig. 4(c) is the intensity
pattern measured by the CCD camera. In Fig. 4(b), brightness
indicates light intensity and the color bar represents phase in
units of 2π. When the preset OAM spectrum is symmetric,
only hσ̂xi values are required. Figure 4(d) shows the measured

OAM spectrum, where the gray bars and black bars are the
preset and measured OAM spectra, which is exactly the
Fourier transformation of the series of measured hσ̂xi values.
The corresponding fidelity is 94.3%.

The experimental errors are mainly attributed to the polari-
zation effect of the dove prism and beam misalignment. The
polarization state of the incident light beam is slightly modu-
lated by the dove prism (Thorlabs PS992M). The worst situa-
tion occurs when α equals 45° [29] where ∼10% of the
polarization state is changed. However, this influence can be
eliminated by using dove prisms with larger base angle instead.
The beam misalignment would cause mode cross talk [30]
especially for superposed OAM states. With the checkerboard
method for SLM coding, the mode purity of OAM states can
be as high as 97% according to previous work [31]. Thus, the
error of OAM state generation can be ignored.

Finally, it should be noticed that Eqs. (2) and (3) are even
and odd functions of α, respectively. In practice, 2N SAMmea-
surements are required to reconstruct 2N OAM spectrum co-
efficients fjml j2g from l � −N to l � N − 1. Though same
number of measurements are required compared with earlier
approaches adopting 2N specially designed holograms [5], only
one dove prism is needed in our proposal. Since copies of the
photon under test are required for intensity accumulation on an
electron-multiplying CCD in previous works [24,25], we
suggest that our low loss approach could be extended to single
photon OAM spectrum analysis also with a proper amount
of photon copies. As proposed in earlier work [27], if only
the OAM mean value hL̂zi (with L̂z jli � l jli) of the initial
OAM state is concerned, the measurement can be simplified.
Here, we offer an approach to determine the mean OAM value
under the same experimental setup. When the rotation angle α
of the dove prism shown in Fig. 1 is sufficiently small and fixed,
Eqs. (2) and (3) can be extended in polynomial function form:

hσ̂xi � 1 − 2α2hL2z i � O�α4�

hσ̂yi � −2αhLzi �
4

3
α3hL3z i � O�α5�: (5)

With simple calculation, we can obtain

arctan

�
−hσ̂yi
hσ̂xi

�

� 2αhL̂zi − 8α3
�
1

6
hL̂3z i �

1

3
hL̂zi3 −

1

2
hL̂zihL̂2z i

�
� O�α5�:

(6)

Equation (6) shows that the OAMmean value of hL̂zi could be
obtained with two measured Stokes parameters, and the accu-
racy is O�α3� at least. Actually, the term of 1

6 hL̂3z i � 1
3 hL̂zi3 −

1
2
hL̂zihL̂2z i is quite small except for some extreme situations so

that the accuracy is about O�α5� for most cases. Figure 5 shows
experimental results on OAM mean value measurements with
our approach. Both eigenstates and superposed states are em-
ployed to obtain various OAM mean values ranging from −5 to
6. The superposed states are combinations of two OAM eigen-
states. The black dashed line with a slope of 1 denotes the ideal
result corresponding to preset states. The red markers and dot-
ted line denote experimental results on eigenstates while the
blue markers and solid line represent experimental results on
superposed states. The zero mean value point is only used for

Fig. 3. Intensity patterns of OAM superposed states and measured
OAM spectrum. (a) Intensity pattern of superposed state of
l � −6, l � 3, and l � 6 with energy ratio of 1:1:1. (c) Intensity pat-
tern of superposed state of l � −4, l � 4, and l � 6 with energy ratio
of 2:1:2. (b) and (d) Preset (gray) and measured (black) OAM spectra
corresponding to OAM states in (a) and (c), with fidelity of 87.0% and
85.5%, respectively.

Fig. 4. (a) Phase pattern on SLM to generate wide OAM spectrum.
Red and blue colors denote 0 and π phase delay, respectively. (b) Field
simulated through Huygens–Fresnel theory. (c) Intensity pattern mea-
sured by CCD camera. (d) Measured OAM spectrum while the gray
bars and black bars are the preset and measured OAM spectra. The
corresponding spectrum fidelity is 94.3%.
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calibration. The average relative errors of measured OAMmean
value are 9.2% and 15.9% for eigenstates and superposed
states, respectively.

In this work, an approach with a single point detector is
demonstrated to measure the OAM spectrum carried by para-
xial light beams. Since the OAM–SAM nonseparable states are
employed, there is no requirement on reference light and
photodetector arrays. The fidelity values of measured OAM
spectra are 95.2% and 94.3% for OAM eigenstates and super-
posed states, respectively. Furthermore, the OAM mean value
can also be obtained with the same setup.

The achieved measurement accuracy in this work suffers
from the angle accuracy of the dove prism. One possible im-
provement is employing a more stable Sagnac structure [32].
After improving the reliability of Dove prisms [33], our ap-
proach is potential for a cost-effective and compact OAM spec-
trum analyzer. The required SAMmeasurements can be further
reduced with a compressed sensing method [34]. Finally, we
believe that this work is a good effort to fully identify the in-
formation encoded on high-dimensional degrees of freedom
(OAM) by measuring the low-dimensional observable (SAM),
which would be interesting for nondestructive measurements.
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