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Abstract. The relations among non-chordal compatibility graphs, imperfect exclusivity graphs and quan-
tum correlations are investigated in the scenario where the compatibility relations and the events are fixed.
In this scenario, we prove that the non-chordal compatibility graph is a sufficient condition for exhibit-
ing quantum correlations and the imperfect exclusivity graph is an insufficient condition for exhibiting
quantum correlations. The result provides a convenient tool to determine whether an observable set can

distinguish the quantum from classical correlations.

Quantum contextuality is an important feature of
quantum theory which is different from the non-contextual
hidden variable (NCHV) theory [1-3]. This counterintu-
itive property can be indicated by the violations of non-
contextuality inequalities [4-11]. Tt also can be demon-
strated experimentally [12-17]. There is the difference
between the quantum and the NCHV bound of a non-
contextuality inequality since the observable set lacks the
joint probability distribution [18,19].

Recently, the graph theory has been utilized in in-
vestigating the quantum correlations [20-29]. The exclu-
sivity graph expresses the exclusivity relations among
the measurement events of the non-contextuality inequal-
ities [20-24]. Its vertices represent the events such as
(A, = agy,...,Ax. = ai,), where {Ag,,..., Ay } are
jointly measurable. Two events can’t happen simulta-
neously if they have the same observable A; while its
outcomes are different. Two vertices corresponding two
exclusive events are adjacent in the exclusivity graph.
The exclusivity graph can be utilized in bounding non-
contextuality inequalities [20-26]. The imperfect exclusiv-
ity graph is the necessary and sufficient condition for ex-
hibiting quantum correlations (which is not referred to
any specific compatibility scenario) [23]. On the other
hand, the compatibility relations among the observables
of the non-contextuality inequalities can be expressed by
the compatibility graph [27,28]. Each vertex represents an
observable while the edge connecting two vertices indi-
cates the two observables are compatible. The compatibil-
ity graph can also be applied in many investigations such
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as exhibitions of monogamy between non-contextuality in-
equalities [27], monogamy between non-contextuality in-
equality and locality inequality [28]. The observable set
admits a joint probability distribution if the compatibility
graph is a chordal graph [27]. In other words, the non-
chordal graph is a necessary condition for singling out
quantum correlations from classical correlations [18].

In this Letter, we investigate the relations among the
non-chordal compatibility graph, the imperfect exclusiv-
ity graph and the necessary and sufficient condition for
exhibiting quantum correlations in the scenario where the
compatibility relation and the measurement events are
fixed.

Compatibility-fized(events-fixed) scenario: in the sce-
nario we discussed here, when a non-contextuality inequal-
ity is fixed, the events indicated by the vertices of the ex-
clusivity graph are fixed. Then the compatibility relations
among the observables are fixed. Hence the compatibility
graph is fixed if the events of the exclusivity graph are
fixed. For example, an event P (4; = 1, B; = —1) in the
CHSH inequality [30,31] indicates the compatibility rela-
tion between the observable A; and the observable Bj.
The compatibility among the observables in the CHSH
inequality can be obtained as a square. On the other
hand, the jointly measurable subsets are fixed if the com-
patibility among an observable set are fixed. Then, the
events of this observable set are fixed. So the events of
the exclusivity graph are fixed if the compatibility rela-
tions among the observables are fixed. We call this sce-
nario the compatibility-fixed scenario or events-fixed sce-
nario. Furthermore in this scenario, usually all observables
only have outcomes +1 and —1. It is worthy noticing that
the compatibility-fixed scenario (events-fixed) scenario is
different from the scenario discussed in reference [23]. In
this scenario, vertices of the exclusivity graph represent
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Fig. 1. Several typical compatibility graphs: (a) the Bell in-
equality [30,31], (b) the Peres-Mermin magical square [32].

fixed events. In that scenario, the events indicated by the
vertices of the exclusivity graph are not fixed. Then an
exclusivity graph may correspond to more than one com-
patibility graph.

Several sufficient conditions for exhibiting the quan-
tum correlation in the compatibility-fixed scenario have
already been shown in Figure 1, such as the Bell inequal-
ity [30,31] and the Peres-Mermin magical square [32,33]. In
these cases, their corresponding compatibility graphs are
all non-chordal. The chordal graph is a graph which hasn’t
any cycle with more than three vertices as its induced sub-
graph [27]. If a graph does not satisfy this condition, it is
a non-chordal graph.

Result 1: The non-chordal compatibility graph is the
sufficient condition for exhibiting quantum correlations in
the compatibility-fixed (events-fixed) scenario.

Proof.

Due to the definition of the chordal graph, non-chordal
graph G. has an cycle consists of {A;,,...,4; }(m > 4)
as its induce subgraph.

When m is odd, an inequality based on this cycle
can be derived from the noncontextual hidden variable
theory [29]:

m—1

Z AjiAji+1 + A.ijjl > -—m+2. (1)

i=1

It is impossible that all terms of A;, A;,, | are equal to —1.
The lower NCHV bound is —m + 2 when one term of
Aj, Aj,.., is equal to 41 while others are —1. For the case
of m =5, it is the KCBS inequality [5].

When m is even, another inequality based on this cycle
can be derived from the noncontextual hidden variable

theory [29]:

m—1

Z AJ7 Aji+1

i=1

Tt is impossible that {41 A4s, ..., Am_14m, Am A1} is equal
to {+1,...,4+1,—1}. The upper NCHV bound is m — 2
when each term is equal to +1. For the case of m = 4, it
is the Bell inequality [30,31].

For equations (1) and (2), there are observable sets
{A44,..., A, } satisfying the compatibility relations indi-
cated by the non-chordal graph G.. However, they are

A A <m-2. ®)
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violated in quantum theory. The observable sets can be
constructed as follows.

An orthogonal representation of a graph is a set of unit
vector {|v;)} in a Euclidean space where |v;) and |v;) are
orthogonal if vertex ¢ and j are not adjacent [34,35]. Fur-
thermore, the orthogonal representation is faithful if two
vectors corresponding adjacent vertices are not orthog-
onal [36]. For any compatibility graph G., there exists
a faithful orthogonal representation {|v;)} of its comple-
ment [37]. Then, (v;|v;) = 0 if and only if vertex i and j
are adjacent in the compatibility graph G..

(a) m is odd

{|vi)} is a faithful orthogonal representation of the

complement of the compatibility graph G.. The di-

mension of the space spanned by {|v;)} is finite since

the number of vertices in G, is finite. The handle vec-
tor |¢) and {|u;)} which is the orthogonal represen-
tation of the complement of the odd cycle C,,, can
be constructed in the orthogonal space of {|v;)}, so
that (u;lv;) = 0 and (¢|v;) = 0 for any vertex ¢
in the ), and any vertex j in the G.. There ex-
ists a handle |p) and an orthogonal representation

{uj,,...,u;, } of the complement of C,, satisfying
ST ol 2 = 9(Cm) = 125 [34,35],

The observable set {A;}(1 < k < n) can be con-
structed as

A — 2|vg)(v| — 1 vertex k ¢ Cpy,
T 2luk) (un] + 2Jvn) (vg| — 1 vertex k € G,

The compatibility relations among this observable set
{Aj} satisty G, the detail derivation is shown in the
Supplementary Material. However, equation (1) is vi-
olated under the state |p) in quantum theory since

the left part is —4 m

1+cos [
—m + 2(m > 5). The detail derivation is shown in
the Supplementary Material.

m is even

{Jvi)} is a faithful orthogonal representation of the
complement of the compatibility graph G.. The di-
mension of the space spanned by {|v;)} is finite since
the number of vertices in G, is finite. One can find
a four dimension space orthogonal to {|v;)}. The or-
thogonal bases of this space are four unit vectors
{11),12),13),]4)}. In this space, {w;,} and {z;} are
constructed as:

cos(i,r )[1) +sin(i 7 )[2) iis odd
|w17> =

+ m, which is less than

cos(iyr )|1) +sin(i, )|3) i is even

cos(iyr )|3) +sin(i,r )|4) iis odd
23 = {cos(z' o )|2) +sin(i T )[4) i is even.
With the definitions of {wj;, } and {z;, }, an observable
set {4} (1 <k <n), can be constructed as
2vg)(vk| — 1 vertex k ¢ Cy,
2|wg ) (wi| + 2|2k) (25| + 2|vk) (vg] — 1
vertex k € C,,.

Ay =
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The compatibility relations among this observable set
{Ay}, satisty G, the detail derivation is shown in the
Supplementary Material. However, equation (2) is vi-
olated under the state of |p) = \}2 (|1) +]4)) in quan-

tum theory since the left part is mcos ", which is
larger than m — 2 (m > 4). The detail derivation is
shown in the Supplementary Material.

In the proof of the Result 1, if one only constructs the
observable set {A4;,,...,A; .} on the cycle which leads
the violation of equation (1) (or Eq. (2) ), it can’t prove
the non-chordal compatibility graph can exhibit the quan-
tum correlations since there may not exist the observables
out of the cycle under the constraints of the compatibil-
ity relations. It is necessary to prove the existence of all
observables after constructing the NC inequality which is
violated in quantum mechanics.

Corollary 1. The non-chordal compatibility graph is
the necessary and sufficient condition for exhibiting quan-
tum correlations in the compatibility-fixed (events-fixed)
scenario.

Proof. 1t is shown that if the compatibility graph is
a chordal graph, for each observable set satisfying the
graph, there exists the joint probability distribution which
recovers the probability distributions of any joint mea-
surable subset as marginal [27]. With the Result 1, the
non-chordal compatibility graph is the necessary and suf-
ficient condition in the compatibility-fixed (events-fixed)
scenario.

The contextuality is revealed by the violation of non-
contextuality inequalities [20-26]. The classical bound of
a non-contextuality inequality is the independence num-
ber of its exclusivity graph, which is the cardinality of the
largest independent vertex set and is commonly denoted
by a(G), while the quantum bound can be obtained by
the semi-definite program [23]. In the scenario discussed
in reference [23], the quantum bound is the Lovasz num-
ber which is a real number, representing an upper bound
on the Shannon capacity of the graph, and is commonly
denoted by ¥(G). Hence the classical bound is equal to
the quantum bound while the exclusivity graph is perfect.
The perfect graph is a graph which hasn’t any odd cycle
or odd cycle’s complement with more than four vertices
as its induced subgraph [23]. If a graph does not satisfy
this condition, it is an imperfect graph. As a result, the
imperfect exclusivity graph is the necessary and sufficient
condition for exhibiting quantum correlations in that sce-
nario where the events indicated by the vertices of the
exclusivity graph are not fixed. However, in the events-
fixed (compatibility-fixed) scenario we discussed here, the
events indicated by the vertices of the exclusivity graph
are fixed. Hence, the NCHYV inequality may not reach the
Lovéasz number [38].

Result 2: The imperfect exclusivity graph is not a suffi-
cient condition for exhibiting quantum correlations in the
events-fixed (compatibility-fixed) scenario.

Proof.

In the events-fixed (compatibility-fixed) scenario, we
show an example in Figure 2. An exclusivity graph
is shown in Figure 2a. {A;, Ay, Ag}, {As2, Az, Az},
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Fig. 2. (a) The exclusivity graph of the observable set
{A1,...,A10}. (b) The compatibility graph of an observable

set {Al, ... ,A10}~

{As, A4, Asg}, {As4, A5, Ao}, {45, A1, Ao} and
{41, Ay, A3, Ay, A5} are jointly measurable observable
sets. From these compatibility relations among the ob-
servables, the corresponding compatibility graph of ob-
servables {Aj,..., A1} is shown in Figure 2b. On the
other hand, an induced subgraph of the exclusivity
graph Figure 2a is a pentagon consisting of five events
{(A1=1,A2=-1,46=1), (A = 1,A3 = =1, A7 = 1),
(A3 = 1,44 = -1,45=1), (A4 = 1,45 = —1, A9 = 1),
(A5 = 1,41 = —1, 410 = 1)}. The exclusivity graph is
a imperfect graph since it has a pentagon as its induce
subgraph [41]. However, due to the Corollary 1, the joint
probability distribution of these observables can be con-
structed as

P(Alzal,...
XH

since Figure 2a is a chordal graph [27]. As a result, the
observable set {A;, ..., Ajp} cannot exhibit quantum cor-
relations. It can be concluded that there are imperfect ex-
clusivity graphs, which can’t exhibit quantum correlations
in the events-fixed (compatibility-fixed) scenario.

In the example for the proof of no sufficiency in
the Result 2, the non-contextuality inequality of the five
events shown in Figure 2b is

Ao = aio) = P(A1 = ay,..., A5 = as)

P(A; =a;, A i+1(mod5) = Fi+1(mod5)» Aiys = aits)
A = ag, Ai+1(mod5) = ai+1(mod5))

5
ZP(Ai =LA =-1LA4=1)<a(C)=2 (3)

i=1

5
Y P(Ai =14, =

i=1

—1, A5 =1) <2, (4)

Although the exclusivity graph of the five events in Fig-
ure 2 is a pentagon, the quantum bound of the inequal-
ity can’t reach ¥(Cs) = /5 since there doesn’t exist any
observable set satisfying the following two conditions si-
multaneously: (i) the compatibility relations among these
observables satisfy Figure 2a; (ii) the probabilities of the
events P(4; = 1,A;41 = —1,4,45 = 1) (1 <i <5) are
equal to [{(¢|v;)]? (1 < i < 5), where |¢) is the handle,
|v;) is the orthogonal representation of a pentagon and
Yo [(g]vi)? = 9(Cs).

For the case in reference [38], the quantum bound can-
not reach ¥(Cs) but is still larger than «(Cs). It means
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Fig. 3. The relations among the compatibility graph, ex-
clusivity graph and exhibiting quantum correlations in the
compatibility-fixed (events-fixed) scenario.

that quantum correlations can be singled out. However,
for the observable sets satisfying Figure 2, the quantum
bound is also not reach the ¥(Cj5). Furthermore, the quan-
tum bound of equation (4) is equal to the NCHV bound.

Corollary 2. The imperfect compatibility graph is the
necessary but not sufficient condition for exhibiting quan-
tum correlations in the events-fixed (compatibility-fixed)
scenario.

Proof. Tt is shown that if the exclusivity graph is a
perfect graph, the probabilistic p = (p1,...,pi,-.-,Pk) (Pi
denotes the probability of event corresponding the ver-
tex ¢) constructs a convex hull of several deterministic
model. Since the graph theory result that STAB(G) =
QSTAB(G) [39,40], the probability can be expressed by
the noncontextual hidden variable model. This is proved
in reference [24]. With the Result 2, the imperfect compat-
ibility graph is the necessary but not sufficient condition
in the events-fixed (compatibility-fixed) scenario.

The relation between the non-chordal compatibil-
ity graph and exhibiting quantum correlations in the
compatibility-fixed (events-fixed) scenario is shown in
Corollary 1. The relation between the imperfect exclu-
sivity graph and exhibiting quantum correlations in the
events-fixed (compatibility-fixed) scenario is shown in
Corollary 2. The relations are summarized in Figure 3.

Conclusion. We show the non-chordal compatibility graph
can construct a non-contextuality inequality which is
violated in quantum theory in the compatibility-fixed
(events-fixed) scenario. It infers that the non-chordal com-
patibility graph is a sufficient condition for exhibiting
quantum correlations in the compatibility-fixed (events-
fixed) scenario. We also display an example to show a
specific imperfect exclusivity graph which admits the joint
probability distribution in the events-fixed (compatibility-
fixed) scenario. It infers that the imperfect exclusivity
graph is an insufficient condition for exhibiting quantum
correlations in the events-fixed (compatibility-fixed) sce-
nario. This result provides a convenient tool to determine
whether an observable set can single out the quantum
correlation in the compatibility-fixed (events-fixed) sce-
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nario, which is important in investigations on quantum
contextuality.
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