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Experimental simulation of violation of the Wright inequality
by coherent light*

Feng Zhu(4#), Wei Zhang(5k#1)", and Yidong Huang(¥{¥%%)

Tsinghua National Laboratory for Information Science and Technology, Department of Electronic Engineering, Tsinghua University, Beijing 100084, China

(Received 21 January 2017; revised manuscript received 23 June 2017; published online 20 August 2017)

In this paper, we investigate the simulation of violation of the Wright inequality by the classical optical experiment
theoretically and experimentally. The feasibility of the simulation is demonstrated by theoretical analysis based on descrip-
tions of the classical electrodynamics and quantum mechanics, respectively. Then, the simulation of violation of the Wright
inequality is realized experimentally. The setup is based on a laser source, free-space optical devices and power meters. The
experimental result violates the noncontextuality hidden variable bound, agreeing with the quantum bound. This method

can be extended to other types of noncontextuality inequalities.

Keywords: quantum optics, polarization, quantum information and processing

PACS: 03.65.Ta, 03.65.Ud, 03.67.—a

1. Introduction

Quantum mechanics is counterintuitive and its complete-
ness is doubted under assumptions of reality and locality.[!!
An intuitive explanation of the quantum phenomenon is the
local hidden variable (LHV) theory.[?) LHV theory is a spe-
cial case of a more general theory, which is the noncontex-
tuality hidden variable (NCHV) theory.?=1 In NCHV theory,
outcomes of the measurement in a physical system are pre-
determined and depend on the hidden variable A. The distri-
bution of the outcomes comes from the statistical character-
istics of A. According to the NCHYV theory, the joint proba-
bility of any observable set exists even if the observables are
not compatible pairwise.!%”! The difference between quantum
mechanics and NCHV theory can be revealed by noncontex-
tuality inequalities, which have different bounds in quantum
and NCHYV theory. For example, the KCBS inequality has the
NCHYV lower bound of -3 and the quantum lower bound of
5 —4+/5,181 the CHSH inequality (it can be treated as a special
type of NCHYV inequalities) has the LHV upper bound of 2
and the quantum upper bound of 21/2.[! The KCBS inequal-
ity can be simplified to the Wright inequality,'”) which has
the NCHYV upper bound of 2 and the quantum upper bound of
V5.

The evidence of the differences between the NCHV
bound and the quantum bound of these inequalities dis-
proves NCHV theory, showing that quantum mechanics is
contextual. The contextuality of the quantum mechan-
ics has been experimentally observed by different physical
systems based on neutrons,!'") molecular nuclear spins, %!
ions, 13141 and photons.[!>-17] Recently, this concept has been
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utilized in researches of quantum computation, 821 quantum
cryptography, %!
Since there is similarity between state vectors in quantum

1 and anomalous weak values. 2%

mechanics and Jones vectors in optics, some quantum con-

cepts and phenomena can be simulated by classical optics, [>!
Bell’s [24,25] [26,27]

teleportation,?82°! and spin—orbit separability.’%! Although

such as measurement, entanglement,
the simulation by classical optics cannot disprove LHV the-
ory, it can be used as a tool for visualizing abstract concepts in

31'in optical signal processing,!>*!

low-dimensional systems!
classical optical theory,?*! and polarization metrology.?®! The
quantum system with multipartite degrees of freedom also can
be simulated by a classical system. For example, the Hilbert
space of the Bell states has a dimension of 4. It can be realized
by a quantum system with a photon pair. Each photon has two
orthogonal polarization states as two degrees of freedom. On
the other hand, it can be simulated by a classical optical sys-
tem, which is a system with four dimensions extended by two
2-dimensional spaces of polarizations and parities. [>*3?! For
the experimental observation of the quantum contextuality,
since there is no space-like requirement on the experiment, it
can be realized by a quantum system with a single photon, uti-
lizing its freedoms of polarizations, paths and so on. There are
also three noncontextuality inequalities that have been exper-
imentally simulated.®?! As a result, the joint measurement in
the experiments for tests of noncontextuality inequalities can
be realized by the sequential measurements.*?! It is noticed
that such quantum systems based on single photons also can
be simulated by classical optical systems, which provides a
way to realize the simulation of violations of noncontextuality
inequalities. 3%}

*Project supported by the National Key Basic Research Program of China (Grant Nos. 2011CBA00303 and 2013CB328700) and Basic Research Foundation of
Tsinghua National Laboratory for Information Science and Technology (TNList).
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In this paper, we investigate the classical optical simu-
lation of violations of the Wright inequality theoretically and
experimentally. The feasibility of the analogy is analyzed by
descriptions of classical electrodynamics and quantum optics.
Then the violation of the Wright inequality which is the sim-
plest noncontextuality inequality, is simulated by the classical
optical system. The experiment result agrees well with the
theoretical analysis.

2. Wright inequality

Considering a physical system with a set of binary-value
observables {A1,...,A,}, the outcome of each observable A;
is a;, a; € {1,—1}. The compatibility graph which describes
compatible relations of the observable set is a pentagon. In the
NCHYV theory, each observable A; has a pre-determined out-
come of +1 or -1 before measurements under a specific hidden
variable A. Equation (1) shows the KCBS inequality®! defined
on this system:

(A1A2) + (A2A3) + (A3A4) + (A4As) + (AsA) > =3, (1)
Since the product of five terms in the left part of Eq. (1)

is (A142)(A243) (A344) (AsAs) (AsA1) = (A1A2434445)* = 1,
it is impossible that all the terms in

{A1A2,A2A3,A3A4,A4As,A5A 1 }

are equal to —1 simultaneously. Hence, in the NCHV theory,
the lower bound of the sum of these five termsis +1 —1—1—
1-1=-3.

To analyze Eq. (1) with the quantum mechanics, let us
consider a widely used scenario, in which the observable A can
be represented as A = 2|v)(v| — 1. |v;) and |v;) are orthogonal
vectors if A; and A are compatible. In this scenario A; and A;
cannot be +1 simultaneously, leading P(A; =1,A; =1) = 0.
Hence, the term of (A;A;) can be simplified to

(AA)) =P(Ai=1,A; =1)+P(A; = —1,A; = —1)
—PA=1,A;=—-1)-P(A;=-14;=1)
=[1-PAi=1,4;=-1)-PAi=—-1,A;=1)]
—PAi=1Aj=—1)-PAi=—-1,A;=1)
=1-2P(A;=1)-2P(A;=1). 2)

As aresult, the KCBS inequality Eq. (1) can be simplified

to the Wright inequality, "]

ZP(Ai =1)<2. 3)

However, in quantum mechanics, the upper bound of
Eq. (3) can reach /5 = 2.24 while the observables and the
states are:

ly) =[1,0,0]", 4)

Ai:2|vi><vi|—1, (1 §l§5)7 (5)
1

)= snn)s)
[ cos (g),cos (i%ﬁ),sin (i:ﬂ)r. 6)

3. Simulation with a ququart system by classical
optics

It can be expected that the Wright inequality of Eq. (3)
can be tested by a single photon. To realize the observable
Aj;, a ququart system can be implemented. The input state, the
output state and the transform matrix are

4
[Win) = Y aili), (7
i=1
4
|1V0ut> = bi|i>7 (8)
i=1
. 4 4
O=Y Y ujli){jl. ©)

1j

1

Their relation is

|Wour) = U|‘Vin>- (10

We notice that this ququart system based on single pho-
tons can be simulated by classical optical systems, which pro-
vides a way to simulate the test of the Wright inequality of
Eq. (3). The classical optical system also can be demonstrated
by the setup shown in Fig. 1, in which the coherent light and

L L,

HWP-2
\%4 \%4
I lower path It

Fig. 1. (color online) A four-dimensional system consisting of a PBS
and four HWPs. The four bases of the photon state are denoted
by {|1),]2),|3),]4)}, which are defined by their corresponding ports of
{lU,V),|U,H),|L,V),|L,H)}, respectively. Here, U’ and 'L’ indicate the
upper path and lower path, respectively. ’V’ and *H’ indicate the vertical
polarization and horizontal polarization, respectively.

power meters are used.

HWP-1

HWP-3

upper path

The input light can be represented by relation J(") =
[El(in>, . ,Eiin)} T , while the label of Ei(in) represents the cor-
responding port, corresponding to the basis of |i). Hence, the
coherent light of J (i) can be used to simulate any input quan-
tum state |y;,) by the relation of E1<i“) Jay == EM™ /an,
in which the definition of {a;} is from Eq. (7). In the same
way, the coherent light at the output ports can be represented

by JwW = [EI(OUt>,...,E£OUt)]T, and the relation of J(©U) =

100302-2
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U % J() holds. The light power measured by the power meter

at the port corresponding to |i) is denoted by D;, which is pro-
(out)*E'(out)

portional to E; ;. Hence, the ratio between D; and the

total power Y7 | D; can be expressed as:

D; B Ei(out)* Ei(out)
Z?:l Di - Z?:] E»(OUt)*E-(()m)

1 1

_ (Wit -, Uin) * Jin|?
VL s UT % U x Jip |?

— |[Mi17~-->uin]*]in|2
Ji};*‘]in

n
Z ul-j * aj
=1

= [(vilwin) .

2

Y

Equation (11) shows that the probabilities corresponding
to the outcome of the observable A in the quantum experiment
can be simulated by the measured powers in the classical op-
tical system, which provides a simulation of the quantum ex-
periment.

It also can be explained by the quantum mechanics
description, in which the input and output lights can be
expressed by coherent states of |@,) = |0)1...|04)s and
|@out) = |B1)1 .. -|Ba)a, respectively, in which |y); = exp{}/&;r —
Y*a;}|0), where y € {0, , 03,04, B1, B2, B3, B4}. To simu-
late the states of the single photons, the relation of o /a; =
-+« = 04/as should hold. The property of the system leads
that [B1,...,B4]T = Ux[oy,...,a4)T. The measured power D;
is proportional to (¢0ut|13;“l3,- | out ), Where b; is the annihilation

operator at the i-th output port. The ratio between D; and the
|

—sin20; sin26;
—sin26; cos26;
c0s20;cos26,

—c0s20;sin26; —sin20;sin204 —sin26,co0s26,

Since this matrix U is unitary, the four row vectors
wj) = (uj1,...,ujq) (1<j<4)

are normal and orthogonal pairwise. Hence, they can be
utilized as the normal orthogonal bases to construct a 4-
dimensional Hilbert space. |w;) can be utilized to construct
the observable A in the inequality by A = 2|w;){w;| — 1. Here,
|wi) is used as the eigenvector of A so that the corresponding
outcome of A is +1. While, other vectors |ws), |w3) and |wa)
are eigenvectors of A so that the corresponding outcome of A
is —1. Hence, the probability of detecting the single photon
at the output which corresponds to |w;) is P(A = 1) while the
sum of the rest is P(A = —1).

c0s26, sin265
08201 c0s20;3 —co0s26,sin203 —sin26,sin20;
sin26; cos26; —sin26,sin206,

total power Z?:] D; can be derived as

Di (Goulb; bildow)
TiDi Y (Goul By bil Gour)
_IBP
Y Bl
|[u,-1,...,um]*[al,...,(x,,
[0, .., 0] *UTxUx[ay,...,a,)T

T2

. |[M,‘1,...,u,'n]*[(Xl,...,an]T|
[0, .. o] [, .., 06]T

n
Zuij*aj
J=1

= | (vilwin)I*,

’ 2

12)

which shows the feasibility of simulating the experiment by
coherent lights.

4. Experiment

An experimental ququart system consisting of a
polarization-beam-splitter (PBS) and four half-wavelength-
plates (HWP) is shown in Fig. 1, in which the four dimensions
of the photon state are extended by the subspaces of polariza-
tions and paths. The four bases of the photon state are denoted
by {|1),]2),|3),]4)}, which are defined by their corresponding
portsof {|U,V),|U,H),|L,V),|L,H)}, respectively. Here, U’
and ’L’ indicate the upper path and lower path, respectively.
’V’ and "H’ indicate the vertical polarization and horizontal
polarization, respectively. {6,0,, 63, 64} represent the direc-
tions of the four HWPs. The transform matrix U in Eq. (9)

1S

c0826,c08260; sin26,cos26;

13)

0526, sin20,
0526, c0s204
|
HWP-5 HWP-6 HVIVP-l HWP-3pBs-3
l —{Dp1
= mIR H

= Do

HWP-7| HWP-2 HWP-4 —DD3
|
D4
T D

PBS-4

measurent

preparetor
Fig. 2. (color online) Experimental simulation of violation of the Wright
inequality by coherent light.

The experimental set up is shown in Fig. 2, which in-
cludes a state preparation part (left) and a measurement part
(right). In the preparation part, the coherent light is generated
by an HeNe laser with a center wavelength of 632.8 nm. Then
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it is split to the two output ports of a polarization beam split-
ter (PBS1 in Fig. 2) through three half-wave plates HWP5-7.
Any input state can be prepared by adjusting the directions
of HWP5-7. In the measurement part, the prepared state is
injected into a linear optical system as shown in Fig. 1, in-
cluding one polarization beam splitter (PBS2) and four half-
wave plates (HWP1-4). The output state of PBS2 is projected
to the four ports by two additional polarization beam splitters

(D) ) o) (i) : 1 o - o H10 no
0" 0l oW 9" = _g/4.i27/5,1/2arccos | ————— | ,0 % = {—45°,ix72°,21°,0
{ 1 2 3 4 } { / l / / (\/iSlD(éﬂ')) } { l }

to simulate the observable A; shown in Eq. (5) and Eq. (6). The
light powers at the four output ports of the measurement part
are measured by a power meter sequentially. According to the
analysis in Eq. (11) and Eq. (12), the probability P(A; = 1) can
be obtained by the ratio between D§i> (the power at port 1) and
the total power

D\
Dgl) +D§i) —|—Dgi) —|—Dy) ’

Fi= 15)

where P(A; = 1) is denoted by P,.
For each P, (1 < i < 5), the values of {D(I'),Dg),Dg),DE()}
(1 <i<5) are average results of 10 measurements, which are

shown in Table 1. Then P; is calculated, by which we can ob-
tain the value of the left-hand side of Eq. (3). Its value is 2.17.

Table 1. Experimental result of D;i) and P,.

i DVmw DYmw DVmw DYmw P

1 0.484 0.614 0.003 0.006 0.437
2 0.482 0.604 0.005 0.017 0.435
3 0.477 0.592 0.005 0.033 0.431
4 0.482 0.615 0.005 0.008 0.434
5 0.484 0.619 0.005 0.014 0.436

On the other hand, its error should be calculated by the
analysis on the measurement process of P,. The errors of F;
(AP) have two contributions. The first one is the systematic

error, which is denoted by Al’i(sys)

. It is determined by the pre-
cision of directions of HWPs used in the experiment, which is

denoted by Ae}”. The deviations of the HWP-j directions are
denoted by 6 ](i) respectively, and APi(SyS> can be calculated by

4 BPi(SyS)
)y

j=1

N2
Ao

 (sys)
AP, 200 J
J

= 2|sin(46.")|sin?(26")A6Y". (16)

In the experiment, AG;i) of all the HWPs are 1°, leading
to a AP,(8¥9) of 0.035.

(PBS3 ~ 4). The four ports 1 ~ 4 correspond to the four bases,
respectively.

To test the Wright inequality in Eq. (3), the directions of
the HWP5-7 are set as {0s,60¢,6;} = {—m/4,7/4,0}. The
state of the light is prepared as [1,0,0,0]7, leading to the light
coming from the upper output port of the preparation part with
vertical polarization. In the measurement part, the directions
of the HWP1-4 are set as

(14)

The second contribution of the error is due to statistic er-
(sta)

rors, which is denoted by AP,

. They can be calculated by

the statistic errors of the 10 measurements of D'/ (1<j<4,

1 <i<5), which are denoted by ADE-”. APl-(Sta) are calculated
by

2
(sta)
AP _ i 91’1-(: A’
j=1 \ 9D}
02 [ v Ap? s )]
D} ZZADJ + Xz(Dj )JAD|
J= J=

The ADy) of the measured D;i) and calculated AP;Sta) are
listed in Table 2.

Table 2. Experimental result of AD(/-i) and AP[(Sta).

i ADYmw  ADYmwW  ADY/mW  ADY/mwW  APCY
100001 00002 00001 00001  0.0003
200001 00002 00001 00001  0.0002
300002 00001 00001 00001  0.0003
400001 00002 0000 00001  0.0003
500001 00002 00001 00001  0.0002

Finally, the error of the left-hand side of Eq. (3) is calcu-
lated by

5
A= | LAY+ AR R).

i=1

(13)

Its value is 0.09.

Hence, the experimental result of the left-hand side of
Eq. (3) is 2.17 +0.09. It violates the noncontextuality hid-
den variable bound, which is 2. On the other hand, it agrees
with the quantum bound, which is V5.
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5. Discussion

It is worthwhile noting that the way to simulate the
Wright inequality by classical light in this paper can
be extended to simulating other types of noncontextuality
inequalities,>**!1 such as the Peres—Mermin inequality, 6]
state-independent-contextual inequality in qutrit,l'*! state-
independent-contextual inequality in ququart,/*?! and so on.
Some of these inequalities have been demonstrated by quan-
tum optical experiments based on the measurements of single
photons and also simulated by microwaves.3?! By replacing
the single photon sources and the single photon detectors with
classical light sources and optical power meters, these inequal-
ities can be simulated by classical optical experiments.

It should be noticed that although this experiment shows
the violation of the Wright inequality, it is based on classi-
cal light and measurement by powermeters, hence, it cannot
disprove the quantum contextuality. It is similar to the sim-
ulations of quantum phenomena by the entanglement in clas-
sical light, which is the entanglement between different de-
grees of freedoms.[?3! Based on classical entanglement, quan-
tum phenomena such as the Bell measurement,>*?> quan-

28291 were simu-

tum entanglement, %27 and teleportation!
lated, visualizing these quantum phenomena in an easier way.
As a basic characteristic of quantum mechanisms, contextu-
ality is also counter-intuitive-like quantum entanglement, and
the classical simulation in this experiment provides a useful

tool to show it visually.

6. Conclusion

In this paper, we realize the simulation of the Wright in-
equality, which is the simplest form of noncontextuality in-
equalities, by a classical optical experiment with the coher-
ent light. Firstly, the feasibility of the simulation is demon-
strated by theoretical analysis on the physical system utilizing
the descriptions of classical electrodynamics and quantum co-
herent state, respectively. Then, we establish the experiment
setup with a laser source, free-space optical devices and opti-
cal power meters and take the measurement. The experimental
results of the left side of the Wright inequality is 2.17 £ 0.09,
which violates the noncontextuality hidden variable bound of
2, while agreeing with the quantum bound of /5. The method
used in this work also can be extended to other types of non-
contextuality inequalities, showing that the violations of non-
contextuality inequalities can be simulated by physical sys-
tems based on classical optics.
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